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PREFACE. 



In this Essaj I attempt to show that those problems, apper- 
taming to the Calculus of Variations, to which the discussion of 
certain questions of maxima and minima naturally leads, admit, 
if of any, of an infinite number of solutions, and that of these 
solutions an infinite number are 'falsely discontinuous.' Mathe- 
maticians seem to me to use the word * discontinuity' inappropri- 
ately, when they define it so that an unbroken curve coinciding 
throughout one portion of finite length with a circle, and through- 
out another portion of finite length with a straight line, is called 
^discontinuous/ Such curves cannot with correctness be called 
discontinuous, because, however fortuitous and apparently irregular 
an unbroken line be, there corresponds to it a law such that a 
material point constrained by it shall construct the line. In this 
essay I define, and endeavour to employ as I define, the terms 
* true discontinuity,' and ' false discontinuity/ I hope by the use 
of these words to adhere as closely as my views will permit to the 
definition of discontinuity as given by previous writers. 

In the second chapter I endeavour to demonstrate Fourier's 
Theorem rigorously, and, in so doing, I think I have arrived at 
novel results by a method novel in many of its features. The 
subject I consider closely allied to the subject discussed in 
the rest of this essay. For an analysis of great power could 
replace all the methods of the Calculus of Variations by methods 
of Algebra and Differential Calculus operating upon series of 
sines and cosines, analogous to the method adopted in Art. 135. 



VI PREFACE. 

A reader of this Essay will notice the analogy between the false 
discontinuity occurring in infinite trigonometrical series And that 
occurring in solutions of problems of Calculus of Variations. 

I do not think that my method will fail to find the maxima 
and minima of a simple integral in any case where there is no 
failure of Taylor's Theorem for the expression under the integral 
sign. 

In anticipation of criticism I would remark that, just as a 
function^ /(^, y), of two independant real variables should be said 
to have a minimum value when a? = a?i, y =y4, if /(a?i, yj is never 
greater than f{x^ + h, yi + ^)> for all values of h\ J^^ less respec- 
tively than some finite quantities, h*^ k^\ although f(x^, yj is 
greater than /(«, + *', yi + ^Oi ^^^ some values of h', h\ otherwise 

chosen, in like manner I f{Xy y^p)dx should be said to have 



a 



minmium 



value when^ = ^ (a;), y = / ^(a?) dx^ if 

I 



{/(«* y + %i i> + ^) -/ (^1 y, p) } ^ 

is never negative whatever form ^, Sy have, provided hp always 

less than Ap^^ and Sy than L% + I Spefo, where Ap^, Ac^ are as- 

signed finite quantities. 

Thus ^y is said to have a minimum value when aj = 0, y = 1, 
(for A' (1 + i) is always + if i' is less than unity,) notwithstanding 
that ofy = — 1, when a? = 1, y = — 1. In like manner 



J> = 



= -:„ ^ lasOr* 



sin a la-or* sinacic 



|a=w /• 
J 



e'-*'-2co8o+e"''^"^ I J,, e'""- 2 cos a +«"*+*• ' 



should be said to render I ^1 +2)* dx a minimum, as no finite 
values can be so assigned to Sp, £y, as to make the integral less 
than (^i— ^0+ 9 ) > notwithstanding that the integral equals (ajj— a:J 
wheny = 0. 



PREFACE. VU 

The fact that sach falselj discontmaous solutions, as the above, 
are solutions is a sufficient reason why thej should be recognized. 
The fact that problems can be proposed which are solved, and can 
only be solved, by such falsely discontinuous solutions, is an 
additional reason why such falsely discontinuous solutions should 
be recognised in all cases. 

The reader will observe that the solution of a problem in 
Calculus of Variations, obtained in accordance with the principles 
which I maintain, will comprise the solution of a problem much 
more general in its character, in which it is required that for par- 
ticular values of the independant variable, the dependant variable 
and any of its successive differential coefficients should have as- 
signed values. I have in the third chapter discussed some diffe- 
rential equations, partly to use the solutions in my examples, and 
partly to indicate that too much stress must not be laid upon 
current theories concerning how few constants the solution of a 
differential equation can contain. 

If my views are, as I think they are, novel and peculiar, I hope 
mathematicians will be either convinced by my arguments, or 
think them sufficiently plausible to deserve refutation. 
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CHAPTER L 

OF CONTINUITY AND DISCONTINUITY. 

1. In Time select in order n Epochs so that the intervals 
between each Epoch and the next Epoch in the selection are equal. 
An analogy or correspondence is manifest between Epochs so 
selected and n consecutive tv^hole numbers. Suppose each interval 
of Time, selected as above, divided into m equal intervals, and com- 
pare the Epochs so obtained with the fractions whose numerators 
are whole numbers and denominators m. It will be seen that the 
same analogy is still obsei'vable. If further a particular Epoch be 
selected, and assigned to correspond to zero, and the convention be 
made that to positive whole numbers and fractions posterior Epochs 
shall correspond, and to negative prior, it will be obtained that 
one, and only one, Epoch corresponds to each particular vulgar 
fraction. It will also obtain that every particular Epoch can be 
distinguished from any different Epoch, however near it, in that a 
third Epoch, corresponding to a vtilgar fraction, can be interpo- 
lated between them. Now eveiy particular Eatio can be distin- 
guished from any different Batio, however near it, in that a third 
Katio, commensurable with unity, can be interpolated between them. 
So the correspondence between Epochs and Batios is so perfect 
that every Epoch may be represented by a Batio. 

2. The Human Mind is so constituted that it regards the flow 
of Time as continuous. That is to say Time is cognizable only 
under the condition that no two Epochs can be selected so near to 
each other that a third Epoch can not be interpolated between 

w. 1 



2 OF CONTINUITY AND DISCONTINUITY. 

them. This is not a definition but a test The Succession of 
Batios satisfies the same test. The Human Mind ought then 
to regard the succession of Ratios as continuous, although a priori 
it be disinclined so to do. 

3. We shall call the particular Epoch selected to correspond 
to zero the Origin of Time, or the Original Epoch, and the Batio 
which corresponds to any Epoch the Temporal ordinate, or, simply, 
the Time, of that Epoch. 

4. In Space let any Point be selected and called the Origin of 
Space, or, simply, the Origin. Let three straight Lines be drawn 
through it, mutually at right angles to each other, and suppose 
three moving Points to move, one on each of these three straight 
Lines, and never to pass through the same Point twice. Then 
every Point on each of these three straight Lines will correspond 
to the Epoch at which the Point moving on the Line through it 
passed through it. For simplicity suppose that each moving 
Point was at the Origin of Space at the Origin of Time, and that 
each moving Point moves uniformly with the same velocity as the 
other two moving Points. Now every Point in Space corresponds 
to the regular parallelepiped of which it and the Origin are oppo- 
site comers, and the three straight Lines at right angles to each 
other through the Origin are edges. So every Point in Space 
corresponds to three Ratios which we shall call the three Spatial 
coordinates, or, simply, the Coordinates of that Point. It will be 
observed that the idea of continuity which attaches itself to the 
idea of Time, and which we are compelled to attach to the idea of 
Ratio, attaches itself also to the idea of Space. 

6. Points in Space may be specified by other methods than 
that of the preceding article. Thus every Point in Space corre- 
sponds to the Sphere, right Cone, and Plane passing through it; the 
Centre of the Sphere being the Vertex of the Cone, and the Axis of 
the Cone constituting the edge of the Plane. It will be found, gene- 
rally, that three Ratios are necessary to specify a Point in Space, 
but only one Ratio is necessary to specify an Epoch in Time. 

6. Anything occupying at any Epoch a portion of Space and 
having other properties is called a Body. So that portion of a 



OF CONTINUITY AND DISCONTINUITY. 3 

Body which exists at a Point is itself a Body, and can be appro- 
priately named a Material point. We recognize a Body as retain- 
ing its identity, notwithstanding that change of position corre- 
sponding to a change in Epoch, to which we refer when we speak 
of a Body's Motion; and the idea of continuity attaches itself to the 
Idea of Motion, in like manner as it attaches itself to the Ideas of 
Space and Time. When we say that the Motion of a Body is 
continuous we deny that the Body suffers perpetually annihilation 
and recreation, and we assert that between any two Epochs at 
which a constituent material Point of it has existed a third Epoch 
can be interpolated at which it did exist; and that, intermediate to 
any two positions which such Material point has occupied, a third 
position can be assigned which it did occupy. 

7. The Conditions which obtain at any Point at any Epoch 
are, to a great extent, capable of being represented by Ratios just 
as Points and Epochs ara Now it is contrary to the nature 
of things that the same Conditions should both obtain, and not 
obtain, at the same Point at the same Epoch. So that, when the 
Time and the three coordinates are given, the Ratios which corre- 
spond to and represent the Conditions are determinate. This is 
true whether we consider events to be brought to pass in accord- 
ance with the regulations of any law or laws or otherwise. As, 
however, whatever the course of events has been or will be, it is 
always possible to recognize the existence of a law or laws such 
that the events may be supposed to have occurred in accordance 
with their regulations, it is convenient to select universal laws, and 
to suppose that events are carried on in aocordance with their 
regulations. Such universal laws will make the Eatio which 
represents a Condition obtaining at a given Epoch at a given Point 
calculable from the Ratios which represent the Epoch and Point. 

If a Ratio is determinate when certain other Ratios are 
specified, it is said to be a Function of the certain other Ratios, 
and the name Function is given to the law whereby the Ratio so 
determinate may be calculated from the certain other ratios. 

8. Every actual Condition is a Function of the Temporal 
Ordinate and the three Spatial coordinates^ As> however, we 

1—2 



4 OF CONTINUITY AND DISCONTINUITT. 

know not all things, for us every actual Condition is a Function of 
the Time and the three Coordinates and such other Conditions as 
are requisite to supply our ignorance. A hypothetical Condition 
is a function of so many Ratios as, in accordance with the hypo- 
thesis, are essential to determine the Condition. 

9. When Eatios are regarded as changing they are often 
called variables. When variables are Functions of other variables, 
the variables which are Functions of the others are said to be 
dependent, and the other variables, if not Functions one of another, 
are said to be independent. Thus the Condition obtaining at any 
Point at any Epoch is a dependent variable which is a Function of 
the Time and the three Coordinates as independent variables. 

10. The Motion of a Material point being continuous, its 
distance from the Origin of Space at any Epoch will be a con- 
tinuous Function of the Time. Conversely, when a Function of one 
independent variable is continuous, a Material point can be con- 
ceived as moving so that this Function, the Time being the 
independent variable, will express its distance from the Origin. 
It is impossible for such a Function to pass from one value to 
another without passing through intermediate values. 

11. Suppose a Material point to move in one plane so that 
one Ordinate, x, is always equal to the Time, and another, y, to the 
distance of another Material point from the Origin. Theny will be 
a continuous Function of a?. Now to every equation^ y=/(^)> 
representing y to be a Function of x there corresponds a curve, 
the discontinuity or continuity of which will determine the dis- 
continuity or continuity of the Function. If such curve cannot be 
conceived as traced by a moving Material point, it is discontinuous; 
if it can, it is continuous. In some respects this method of testing 
continuity is preferable to the method of Art. 10. 

12. Accordingly a Function of one independent variable which, 
remaining finite, abruptly changes value, not passing through in- 
termediate values, as the independent variable continuously passes 
through a particular value, is said to be discontinuous at that 
value. Also a Function is said to be discontinuous when it becomes 
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infinite; the reason being that we cannot conceive the possibility 
of a Material point moving to an infinite distance and reappearing. 
Also if a Function have real meaning for values of the independent 
variable on one side of a particular value, but not for values on the 
other, the Function is said to be discontinuous for that particular 
value of the independent variable. 

13. For examples, in the equation, 

y is always = + 1 when a? is + , and to — 1 when a? is — , and yet 
it never has any value different from one of these two ; so it is 
discontinuous when x = 0. 

y = + Jx. In this equation y has real meaning when a: is + , 
and not when a? is — ; so it is discontinuous when a? = 0. 

y = - , y = -J . In both these equations y is infinite when a? = 0, 
and is therefore discontinuous then. 

14. As long as a Function of one independent variable is con- 
tinuous it has a rate of increase or decrease, which rate corresponds 
to a Batio, which Hatio is called the Differential coefficient of the 
Function. But when a Function is discontinuous we cannot then 
attach any meaning to its Differential coefficient ; and all processes 
for obtaining it must be invalid from the nature of the case. For 

— x 



instance, when we say that if y = Ja^ — a? (Art. 34), -^ = /— — _ , 

dx tja — ar 

we restrict x to values intermediate to —a and +a; and when 
x=^ay although we may take a — , we cannot take a + increment 
for X, The Function, (— a)*, where a is + , cannot be differen- 
tiated; for it is continuously discontinuous; no value however 
small can ever be given to ix so that (— <if is real for all values of 
x' between x and (a? + hx), 

16. A Function of one independent variable may undergo a 
finite change while a change less than any change that can be 
assigned takes place in the independent variable and yet be not 
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discontinuous, if discontinuity be defined as in Article 12. It is 
inappropriate to say that a Function is discontinuous when such a 
change takes place, although the custom is sanctioned by eminent 
writers. We shall call discontinuity, as we have explained it, 
true discontinuity, and apply the term false discontinuity, as vre 
shall now explain* 

16. Suppose two Functions of x to differ from each other by- 
less than any assignable Batio for all values of x included between 
particular finite limits separated by a finite interval, and that this 
is not the case for all values of x. The Function which is not the 
simpler Function of the two is said to have false discontinuity at 
those particular values of x at which it ceases to have the value 
given by the simpler Function. 



17. Thus, for instance, the Functions, 



pi 



n being an integer, coincide in value for all values of x between 
the limits —a, +a; and the first, which is the simpler Function, 
has true discontinuity when a? = ± a, but the second has not. 
So the Function 

«=^ 2n+l 

(a'* - a?) ^"^^ 

has false discontinuity when a? = + a. 

rsin x0 TT 

where 8 is less than any assignable quantity, coincide in value for 
all + finite values of a?, and for no negative value of a?, and the 
former Function is not the simpler Function of the two. The value 

of I — ^ — d0, when x is indefinitely small, can be satisfactorily 

investigated as follows. It is axiomatic, or needs no demonstra- 
tion, that, however great oq be, as a? continuously passes through 

zero, from + to — , a? must pass through the value — ; now 
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JTsIn^ r 

A (f^ = I — r^ rf6, where i = — , 
^ Jo ^ ^ 00 ' 

SO that the curve, y = / — ^ — dOy coincides with the straight line 

y = — , when a? is + , and with the straight line y = — 77 , when x 

is negative, the continuity of the two portions being maintained 
by the describing point making an infinite number of oscillations 
on the axis of y, the greatest maximum ordinate having the value 

I ,^ d«f>. In accordance witli our definition the Function 
H 9 

/•OO _:_ ,y,ii 

I — g — dO has false discontinuity when a? = 0. 

19. Again, for instance, the Functions +Jx*, x, coincide in 
value for all + values of x, and for no negative value of a?, and the 

former Function is not the simpler Function of the two. So + Jx* 
has false discontinuity when a? = 0. 

20. Again, let us examine the Functions 



X X 



a=0 



X 



+Ja' + x' 



The first is the simplest Function of the three, and is continuous, 
having always the value unity. The last is falsely discontinu- 
ous when a? = 0, but not truly discontinuous, for when x = ca, 

, which continuously passes through zero, as c 



continuously passes through zero. The middle Function has true 
discontinuity as x passes continuously through zero, passing from 
+ 1 to — 1 without passing through any intermediate value. 

21. The way in which our minds conceive the motion of a 
point to take place is that, in changing place from one position to 
another, it moves along a path continuously, and does not continu- 
ally sufier annihilation at one point, and recreation at a point near 
to it. The notion which this word * continuously' expresses is, that. 
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(calling the position of the point at any epoch * the origin,') if the 
distance of the point from the origin at any other epoch is d, there is 
no distance intermediate in value to and d such that the point has 
not been at that distance from the origin. Now, in like manner as 
we conceive a point to move, we can conceive a path to move. 
Such a conception involves the conception that every point in the 
path moves along a continuous path. The motion of the path 
consists in the motion of every point along the path, so moving 
that the path remains throughout unbroken. If the path break, 
we can no longer conceive it as a single path, but each fragment 
must be conceived separately as moving truly discontinuous from 
the rest. Although we must not suppose the path to break, yet 
we may suppose it to stretch or contract continuously to any extent 
Truly discontinuous stretching or contraction involves, stretching 
the idea of creation, and contraction the idea of annihilation, and 
cannot therefore be conceived^. 

Calling the position of the path at starting * the original path,' 
the path at any time has functions at its several points correspond- 
ing to the functions which were possessed by the original path. 
Now generally the change in any such function cannot be con- 
ceived as truly discontinuous: that is, it cannot pass from one 
value to another without passing through every intermediate value. 
When the time, arid the position of the point on the path, are 
specified, all the functions of the path at that point have a fixed 
value. So that the change in the value of any function is itself a 
function of the time, such that it continuously changes in value 
from zero as the time changes in value continuously from zero. 

Suppose that, at a time St after the original time, the change 
that has taken pkoe in a function, y, of the path at a point in it to 
be Sy, then Sy continuously changes from zero as St continuously 

changes from zero, and -£ is the initial value of ^\ Let St be 

taken so small that -^ differ from -^ by less than any assignable 

quantity, where y' is any function, not then truly discontinuous, 
of the path at a point in it whatsoever, then Sy is said to be the 
variation of the function y. 



OF CONTINUITY AND DISCONTINUITY. 9 

It must be observed that, although the initial value of Sy*must 
be zero, there is no occasion that the initial value of -j- be finite, 

and that, in fact« we must expect that the case of ^ having an 

initial infinite value will continually, present itself. As there are 
passages in the works of writers on the Calculus of Variations 
which seem inconsistent with this, we will give a short illustration 
in the next Article. 

22. Suppose a curve to move firom the initial position, 
expressed by the equation, 

aj" + y'-2ry=0, 

by rolling along the line, y = 0, uniformly, the centre moving with 
the velocity v. 

At time t the point, whose initial position was x^^ y^, finds 
itself in the position determined by the equations 

y- »• = (yo- «*) cos - +aj^ sin - , 

aj- 1,^.« aj^ cos — - (y^j - r) sm — , 
from which results 

giving 0? — y<+(y — r)^ = 0, so that 

vt , . . vt 

ay a?,cos--(y,-r)sm^ 

dx , V vt ^ . vt* 

(y,-r) cos- + a?^sm-^ 

Write -^ = tan 6\ then (^ = when a? = 0, y = 2r, and) 

y©. *" 

/I vt 

, tan ^ — tan— , ^ . 

^'^ 1+tan^tan^ ^'^ ^ 

T 
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which is infinite when ^ = 0, and ^ = ^ > ^^ ^o ^.Vo == ^' 

We observe that at that point ~- is initially infinite, and that, 
as it changes in magnitude as the curve rolls on, there is no lesser 
infinite value so great but that ^ has it at some time, the change 

at that point on the curve in -^ being perfectly continuous. So 

that, although -j.^'^ initially infinite, -j ^^^ can be made less 

than any assignable quantity by taking ht small enough, and S -^ 
changes in value continuously from zero as ht changes in value 

gLor 
continuously from zero, although -r- is initially infinite. 

or 



23. As a point by its motion traces out a path or curve, so a 
path or curve by its motion will trace out a surface. And, in like 
manner as we conceive a point or a curve to move, so we can 
conceive a surface to move. The motion of a surface consists in the 
motion of every point upon the surface, so moving that the surface 
remains throughout unrent The boundary of the surface will 
consist of initial and final positions of the generating path, together 
with the paths of the initial and final positions of the point which 
generated the path. Stretching and contraction may take place 
continuously to any extent. The moving surface has at any time 
functions at its several points corresponding to the functions which 
were possessed by the original surface at those points. When the 
time, and the position of the point on the surface, are specified, all 
the functions of the surface at that point have a fixed value. And 
(as in the case of a curve), if hy be the change that has taken place 
in a function, y, of the surface at a point in it, then hy continuously 
changes from zero as hty the corresponding time since the original 
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time, changes; and if St be taken so small that -^ differ from -j- 

hy less than any assignable quantity for every function y , which is 
not then truly discontinuous, then Sy is said to be the variation of 
the function y. 

24. Every surface, capable of being conceived as a single 
surface, can be conceived as traced by motion as described in the 
last article. By its motion a solid can be conceived as traced out. 
In all these cases we have considered the moving concept is 
conceived as leaving something behind it, which something forms 
an element in the concept traced out. So, by the motion of a solid, 
we can conceive a solid traced out having conditions at each point 
of it continuously varying, as density, or any other condition of 
such a nature that, by reference to a unit of that condition, its 
magnitude can be measured. The definition we have given of the 
variation of a function applies in every conceivable case where the 
change can be figured to the mind as producible by motion merely, 
exclusive of creation or annihilation. 

25. So we see that, whatever the function be, the variation of 
it is generally essentially a function not truly discontinuous, and 
one whose initial value is always zero, although its ratio to the 
initial value of the conceived change in the time corresponding to 
it, (the units of all magnitudes being finite,) may be either infinite, 
finite, or zero. 



( 12 ) 



CHAPTER n. 

OP THE BEPBESENTATION OP TBUE AND FALSE 
DISCONTINUITY. FOURIER'S THEOREM. 

26. We have seen that the function 

X 

is troly discontinnons when x = 0. In like manner the fnnction 



T T 7 "t" ••• T T 

o; — 6j oj — 6 J ic — 6, 

is truly discontinuous when a? = J^, ij, ... , or J.. At a point where 
a function becomes truly discontinuous its differential coefficient 
only applies in the continuous direction of the function (Art 14). 
The differential coefficient of both the above functions is zero, 
a^y a,^, ... a, being constant. We shall call such functions of x dis- 
continuous constants. 

27. As an illustration we will trace the curve (fig. 1), 

C 0? — ftj x-\-\ 

It coincides with the parabola, 

y = — , as 0? changes from — 6^ to + J^. 

If a; > + Jj, it coincides with y = — h 2aj, 

c 

if a; < — 5j, it coincides with y = 2^^, 

as represented. 
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28. The method of Arts. 51, 62 enables us to break up any 
continuous function into a number of trulj discontinuous bits^ each 
bit being continuous. Other methods of doing the same thing may 
readily be invented, but none would be so simple. Thus, for 

instance, has unity for its value as long as a? is + and < - , 

IT 

and — 1 for its value when a: is — and > — o" » *^® symbol cos"* ^ 
meaning that root of the equation, 

^"" 1 — — + g— , 

z being the unknown, which is intermediate to and tt, if> being 
< 1. As the method of Art. 26, 27 is very simple, and admits of 
universal application, we shall always suppose it the one employed 
whenever we have occasion to break up a continuous function into 
discontinuous bits. 

29. There is, however, one case in which the formula of 
Art. 26 can advantageously be replaced. This case is when a 
discontinuous constant has to assume an infinite value for a 
particular value of a;, and to continue to hold that constant value 
till X assumes another particular value. 

The function j\ ^ ^ , ^ [ has zero for its value, except 

when X lies between and J, when its value is — . So that 
the function 



4 [ X x—b j 



has zero for its value, except when x lies between and i, when its 
value is infinite. And so discontinuous constants can be supposed 

to assume infinite values exactly as tan - has an infinite value. 

30. It will be observed that the method of the preceding 
articles only affects the value of a function by altering it by a 
discontinuous constant. If then a falsely discontinuous function 
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can be found, which shall, between given limits for the independent 
variable, coincide with any assignable not truly discontinuons 
ftinction, the perfect power of representation which analysis has 
will be made clear. 

31. It is the object of a celebrated theorem of Fourier to shew 
how functions can be expressed by Trigonometrical series. A 
demonstration of this theorem will be given in order to shew that 
such series are falsely discontinuous. Some similar theorems 
concerning falsely discontinuous definite integrals will be added, 
which we shall have occasion to refer to in subsequent investi- 
gations. 

32. Suppose that for all values of x between certain limits 
a?j, a?,, it is known that f{x) = ^ (x). In Newton, Section I, 

Lemma 2, it is proved that I f{x)dx=j <f> {x) dx, supposing the 

functions do not become infinite for any value of x between the 

d d 

limits. It is erroneous to assume that -^ [/(a?)] = ;t- [<^ (a?)] I 

between the same limits. It would follow from such an assump- 
tion that, in Newton, Section I, Lemma 2 (see fig. 2), the ultimate 
length of aKbLcMdE is equal to the length of the curve abcdS, 
which it is not. So also it would follow that, because 

^"^ r^ainxdx 



f 



ax^ a? 



provided a?, x^y be finite and + , = " J— ^ ^ which is only true 



X 



when a is an integer. So it is not true that the difierential co- 
eflScients of vanishing functions are vanishing functions. All 
demonstrations are faulty in which it can be shewn that this 
assumption, or an assumption equivalent to it, occurs. 

33. It follows from (32), that the power we possess of obtaining 
the differential coefficient of a function springs, not from our 
knowledge of the value which the function has for a given value of 
the independent variable, but from the mental concept of the law 
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expressed by the function. There must then be, in all laws which 
rest on experience, an assumption underlying them which does not 
rest on experience. Very generally a part of this assumption is 
that, out of a large number of laws all of which would equally 
give the result observed, that law must be selected which presents 
itself to the mind as the simplest concept. 

34. When functions are identically equal, that is to say, are 
the same, not only in value but in conception, their differential 
coefficients will be identically equal also. We shall express the 
identity of two expressions by the symbol = . So, y =/ {x) will 
mean that y is identical with /(^), that is, that y and f{x) express 

the same function* It will follow from this that -^ =f'(x). 

35. To take a case for illustration, if y be such a function of 
X that -1-^ = — y, then y = Acos {x-\-B), but we can only say 



y = J 



-«r (x-^By (x + BY ,s Ax+B)^ ] 



The series gives 



and 



whereas 



^ ^^^ [2s ' 



36. Suppose that, for all values of x between and 27r, 
f[x) =a<, + aiC0sa? + ajC0s2a;+ ... +a^cosnc + .,., . 

then I cos rayfix) dx = a^ I cos* rosdxy 

for cos ra? cos 5X(?aj = - / [cos (r — s) a? -f cos (r + «)«]&? 
Jo 2 Jo 



*"" I sin (r — 5) a? sin (r + s) x 
21 1 r-^s r 



+ 8 J 
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which yaniBhes when r has a tbIdc diffcRBt from s. 
Mod I coifrzdx=^-l (l+00B2rx)4£r=v, 

From this it follows that, if y^ (^ be some fonction such that, for 
all + integral rallies of r, 

j coBry,(^d»=0. 

(Now it shonld be assumed that there are such Amotions lill the 
opposite has been prored,) then,/(;c) being perfSscdy general, 

^(aj)+7r/;(a:) = 2 I cosry(^d».O0Br», 

We proceed to investigate the tme expression Cmt 

f ^'* (^ 1^ + 2 cos rd cos r/sl d», 

and I *'4> (^ . 2 sin rO sin r)St?B. 



87. To prove that 



ay-« /.» gin a0 ,^ ^ 

I 811 



sin-^ 



where a is +, and 7+ and < tt. 

As sina^ changes sign only when ad is a multiple of V^ 
let m be the integer = , or next > , — , 

TT 

andi...n .0 ,..., <, a. 
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Then 



WIT W+l 



Jy Jy JV^ 



nw 
J n—1 Jn^ 



a -■ 



&ma0 
sin -5 



de. 



These definite Integrals alternate in sign, and, ivith the occa- 
sional exception of the second, each one is nearer zero than the 
preceding, for 



\iaa(0 + '^ 



L sin i tf h^, sin I (o + ^) jr-i sin l(e+-) 



.- ^!5f Bma0 ,^ . ^, .55? sin o^cW 

Also f a , a^ IS nearer zero than f « , or 

I . 1 /I I • wi-1 

J»i-i sin-^ Jf»-i,sin-- — TT 

i^-— ^-i^-— , which ultimately vanishes, since 07, and therefore m, 
. w* — 1 



asm 



2a 



is nltiniately infinite. 

So it follows that r " * /'.21I1££ d0 = 0. 

sin-^ 

Y 2 



38. To prove that, a being +, and 7 being + and < tt, 

«y=« r'cosatf 



/•" cosa 

I sin - 
Jy 2 



dtf = 0. 



<? 



As cos ad changes sign only when ad is an odd multiple of - , 

Ml 

let (2m + 1) be the odd integer =, or next >, — ^ , 
and let (2n + l) <, 2a, then 



cos (i0d0 
sin-d 

Y 2 

w. 



2m +1 



2wi+8 
2a 

2m+l 



2n+l 



COS aOdO 



/ r-25-' + r-2^' + ... + r-2j" + r" \ ^^^ . 

Vv J 2W+I J 2n~l J2n+1 / sin - d 

2a 2a 2a ^ 
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These drfnitft integnls aHfmate in sign, and (with the occa- 
aioiial exception of the aeocRid) eadi one is nearer zero than the 
pBBeedm^ tar 

, ^?»±1, COB a5d» . . ,^— w coBo^dfl 

alao r te ^ 18 nearer aero than [ ^ 



r te 18 nearer aero than f 2s — 



2m- 1 
^ _ 8in It 



or — 



. 2»-l • 
a sin 



4a 

which nltimatdj YanisheBy mnee i9f, and therefore m, is nltimatel/ 
infinite. 



So it follows that 




cos oBdO ^ 

1— =0- 

sin-tf 



39. To prove that T " (^""^^dB^Q. 

I J* 2 



ry singgdg ri 



1 <i* 

Bm-(2?r-^) 



_ f an 2<wr cos o^— coa 2av aina^ jj _ ^ 

I sin? 

/y 2 



by Arts. 87, 38. 

40. To prove that n^^dd = 0. 



sin- 
2 



•y sin a5 



L"°2^ j^8m(-i^) j^sini^ 
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41. To prove that T' iSlHiSf dd = 0.' 

J-2ir+y 2 



42. In the next Article the value of a fonction of a, y, S, is 

considered in the particular case when 07 = 00, 7 = 0, ?>1. 

b 

Such a case would present itself were 7 = Tra"*, 8 = 7ra'"\ 



43. To prove that | '^= * rf sin gge^g ^ /^8in<^ 



^==^ '— rr=^ V"^*- 








Let m^ be the integer =, or next <, ^ , 



and let m^ >,^, then 

/^ i/i 5*«5 5!i±?-«. Whir 



sm-r- 
2a 



These definite integrals alternate in sign. 

sin-^ 
Now, since smf.<±, and -!!122L«>1; 

1— sm":^ 
2a 

• ^ ^ 2a , 1 2a . . <* 

sin-^ * sin-^ ^ 2^ 

2a ^"^ 2a 



2—2 
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f Sin (W 
Sin- 
2 



sin a0d6 . . , . . j. . . 
• IS in vune intermediate to 



e 






- 1 I +1 + ... every odd term I sin 6 sin ^^ cUb, 



•^ih:^^) 



la 






I + ... every even term) sin ^ sin^ (2^. 



Now the two second terms of these expressions are nearer 
zero than 



M*^d^, or (7-S). 
aJaa 



So it follows that 



Oyssoe 
7=0 

^>1 



sin ad. ^d 



. 1 

sm - 
2 



= 2 



d 



asoo 






*^sin^d^ 



* 



44, To prove that 



2a8 



Let (2n, + 1) be the odd integer =, or next >, ^^^ , and 
let(2n,+ l) <, — , then 



2ni+l 



ani+8 



2n«+l 



81^2 ~^5"' ~25~' «• — 2 



\cosa£d^ 
^j- " sm - ^ 



f9^ ^^\ "■ 2n^ 2«a-H 

^\^«« J gn,+1 ^ J2n,-1, J2n«+1 / „• 



COS^^ 



2 



2n«±l^/ sin ^ 
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These definite integrals alternate in sign. 

As in Art. 43, I ^ is in value intermediate to 



L 4« (^co8 addO . 
t. 43, I IS 

I sini^ 
h 2 



- (2« r 



COS 



^\ 



/ 



.(«n.+l)i »^» 



2 * 



and l(2aJ2^^) 



2ni-hS_ fell +7 



+ -(| +1 +... every even term) COS 6 sin ^rf*. 



(2nx+l)^ •'-^« 



Now the two second terms of these expressions are nearer 
zero than 



II2^> or (7-8). 



So it follows that 

OY a 00 f^ COS aOdO ^f^f^tpf cos <l>cUI> 



iY»oo /7 COS a0<W .(Pf cos 9 



45. It will be readilj seen to follow from Arts. 37, 39, 40, 
41, 43, that, provided — 27r, 7^, 7^ +27r are in order, and 
(29r+7ja, (27r — 7,)a, both infinite, 

*="* fy* sin a0 ,^ ^ r^y^ sin <f> , . 



n* sin at/ ,^ ^ /-"va sm ( 
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46. Sapposing S, 7, to have values as in Art. 42, then 
r^->^nae ^^ /-» sin a (2^ + .^) ^ 

• n r~'coBad> ,, „ /-"'sinoA ,. 

= — sin ZOTT 1 T 09 — COS 2a7r I J' a^. 

The value of this will be ultimately infinite, except when 
sin 2a7r vanishes. But, when 2a is an integer, we may always 

consider sin 2a7r j ^ d<l> as vanishing, for 



which vanishes, because + sin - tt log sin — ultimately vanishes. 



So at this point it is necessary to introduce the restriction of 
2a= an integer. In our applications 2a will always be an odd 
integer, so suppose 2a = 25 + 1, then 



sm — - — ^^ , 

dd = - 2 cos (2a + 1) tt / ^^d<b. 



i^-V sin J ^ " ' '"J-ay 4> 



Similarly 



<= 00 



/. 



\ d^ = -2cos(2a+l)7rp?^c?6. 

1/1 Jad 9 



-8w+« sin ^ d ^ oo 9 
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47. We can now extend the conclusion arrived at in Art. 45. 
"We have, provided 2a is an odd integer, and — 27r, 7^, 7^ + 27r, 
not out of order, (2a = 2a + 1), 



• = « . 28+1^ 

ft sm — - — 



d0 



y, sin - 



a(-ftr+Yg)\ • 



+ + ) 

ayi ^a(8»+Yi) ^a{-ftr+yi)/ 



sin^ 

ftr+yj/ 



c2^. 



•(l(ftr+yj 



In this equation I vanishes, except when a (27r + 7|) is 



.a(-ftr+y,) 



finite, and f except when a(— 27r + 7j is finite. So the 

Ja(-2r+yi) 

equation immediately follows from the preceding Articles. 



48. Since 2cosd + 2cos2d + ... + 2cos«d 



^ 8+1^ . 80 

2cos--^r- ^sm-- 
2 2 

sm-(? 



-sin-^ + sinU + -J5 



• 1/1 
sm-^ 

2 



we have 



sin(. + i) 



■ . 

Jo sin - 
if 







d6 = ir + 2 



u 



sind + 



sin2d 



•••) 



IT, 



Now 



2 



«=«/•»» sin^^_ 



7 



* 



asQo 






We have therefore the well-known integral 



/, 



00 



sin <l>d<f> __ TT 
""2 
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49. Since '^^i-i^ + i:^-..., 



and 



"Jo t ""^■"3L3"*'5L5 •••• 



50. Let be a + qoantily not infinitely great, then 



I . cir . 2c7r . 
|8m-+8m— + ...+ 



Sin 



5C7r 

2F 



TT* 2C / 



«=ao 



r CTT (25 + 1) CTT 
COS T COS ^^ 7-^ 

As As 



2 sin 



CTT 

Is 



As 

IT 



1- 



cos- 



2c 



* * * CTT CTT CTT CTT CTT . CTT . CTT • CTT 

COS-; -T- COS -^ COS -r-+-r- sm— -Sin 



As As As 



As As 



As 



sin r— 4- sm T— cos— 
As As 2 



CTT . CTT 

4d 4« 



*=00 



i^C08--8in-j(l-COS-j+-Bm-8Ul^ 



^ CTT . CTT 

2 7- sin 7- 
Ajs As 



1 . CTT 

-Sin — . 
2 2 



So, dividing both sides bj «, and integrating between finite 
limits 0, c, 






CTT . . 2c7r . . stnr\ , 

sin ^ + sin -::— + ... + sm -^ 1 do 



2s 



2s 



=i/:{B(f)'-^(i)'-}* 
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i.e. I {(l-co8-j + (2-.2C08— ) + ... + (-.-cos-jf 

_ 1 /cttV 1 /C7r\* 

If we put ^ =3 — , we have the equation 

|l + 2 + 3+...+--(c08- + C08- + ...+C08-j| 

T 



2L2 4|J'6L6 

51. Since iBin0 + 2sm20+ ..,+2Bm80 

^ . 8 + 1 a ' s0 la I l\ ^ 

2sm— ^ ^®^°"o C08-5-C08f5 + -j5 



sin ~ ^ BVCL-Q 

M 2 



i 



1^ ;«2|«v 2 9 J 



sin -6 
2 



. TT 

sin- 



=2iog-|+2{-i+i-i+...+i:ii):} 



sin- 
2 



-2fco8 8 + — 5— + ...+ ) 



— 2|l-i + i4-...-^^*-.log2}-2log 



28m- 



-2log58 + 2(log«-l-.i-|^...-i) 
+ 2 |l + - + ^ + ... + - - ^cos 8 + cos 28 + ... + cos^l 
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Now let 8 have a value indefinitely great, and sS be finite^ bo 
that S is indefinitely small, this gives (38, 44) 

f^ COB 4>d<l> ^ , .^ {sSy (8S)\ 



where C = 



««« / 1 1 1 \ 



Since C^^-^ + ...-j^ ^d<l>, 

its value is finite. It has been computed, and shewn that 

(7=05772156 



62. Besides the expansions of (49) and (51) the following, 
which can be readily established, are worthy of notice. 

1 
C^ sin ^d4> C ^ sm (l>d<f> ,_^ p sin ^>d^ 2 (log xY cos 1 

Jo~T^ Jo^T"^ h'~V CI 

, 2(loga;)*l«=V dfV • . . 2(loga;)'"l*^=V dY""' . 

— ^-2^-1 — i— *- = 2 log a? sin 1 
Jo 9 JO 9 

2(log£r:M*=i/ rf\«» 

C"^ COB <f)d<f> f'*' cos <]>d<f) _ f^ coa i}>d<f> 2 (log a?)' . 
Jx 4> Ji <l> '^ Ji ^ Lf 






{4J 



2(logi»)^|«' 
^ " ^ ' • -• • cos« — ... 



2(loga;)**|« = V <^Y"' 

' ' - - cos « - . . . 



L2n I V dzJ 



\ dz> 
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r* COS d>dd) r* COS <l>dd> ^ , 

J 7-^-1 ~-^ = — 2logajcosl 

Jx <f> Ji 9 



» 



2(log.)'l'=V.'?Veos«-... 



31 3 



(*S) 



I f/OO ti ^^ • • • 






( 



j2n + l I V dz) 

z-j\ sm 15 = AO « cos « — -j-^ ar sin i5 — r-r- jr cos jb + ••• 



A*-V ^ A*^0' ^^ . A*-^(r ^, 



+ i-i ^ « cos « — . , «*•"* sm jer — 



[ 4^-3 |4g-2 |4g--l 



«" • cos z 



+ -7-7— « Bm» + ... 

lif 

(0-T- 1 cos« = — AO«sm« — j-^ «*cos«+-j-^ «'sm« + ... 

— ,-i -z**^ sin » — , -z*^ cos z + i-i ; « sin« 

I 4« — 3 I 45 — 2 1 4^ — 1 

A^-O*^ ^ 

53. Suppose that /(a;) is a fdnction having no true discon- 
tinnitj as x ranges between certain known values. It may happen 
that y (a?) becomes infinite for some value of x between these values. 
Let y =/(») be the equation to a curve having that property, x^y x^, 
being the values between which x ranges, and a?' the value that 
makes /'(a?) infinite. A curve can be drawn, as APF* Q (fig. 3), 
such that, for eveiy value of x, its tangent is parallel to the tan- 
gent of the curve APQ. If 17 =/(a?) +f^{x) be such a curve, f^{x) 
will be zero until x = a?', and //(a;) will be zero, except when x = x\ 

when it will be infinite, for ^ ' is infinite when x = x\ Hence 

dx 

f'{x) and {/'(a?) +//(a?)} will always confound with each other. 
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In such cases hj the definite integral I f'{x) dx we always mean 

f(x^ — /(a?J, although f(x) becomes infinite between the limits. I 
In this case f{x) must never be confounded with another function 
always equal to it when finite ; our knowledge of it must be con- 
sidered to spring not from experience, but from the mental con- 
cept of the law expressed. 

54. Suppose F{0), f{0), to be such functions of 9 that for 
some integral value of Xy 



I V«+"(5) {(f *)"'/ W d^'\ ^ = 0, 



then shall 



rF{0)f{ff)d0^F{e) \'f{0)de^F{e) fnV(^^^+- 



+ (- lYm-^iff) (J J f{0) dff^\ 

For since -F W/(^) + F\e) ff{e) dd = ^ |i^(^ J /(^ d^| . 
and similarly 

= -F(0)(j'Jf{e)d0 



(-i)«fV\^|/J*)/(^)d^Ud+(-i)»JV-*»(^)|(|"')"*yi:^d^»l<w 



) f{ff)der^\ 

Whence, by addition, the proposition. 
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55. In like manner, from the identity 

= F{0)j^f{ff)d0 + F'{d) (Jjf{ff)d0'+...+F''\0)(JJ f{0)de^\ 
we obtain 

jy(ff)f{0) dd = F(e) jy{0) dd+r(0) {j'Jf(ff) d0'+... 

provided only that 

(54) applies when 0>y^9 and (55) when 0<(o. In these 

formulaB I f{ff)ddj \ f{d)d0^ must be finite, which will secure 

hi ^ Jo 

that the successive integrals are finite. There must be no true 
discontinuity in any of the functions F^^{6)j a fact always implied 
in functions whose differential coefiicients are taken (vide Art. 14), 
but there may be any amount of false discontinuity. 

56. In a subsequent part of this Essay we shall frequently 
employ differential coefficients of negative orders, as -j-^ . Now 

it is manifest that the symbol ^-^ should obey the law 



dx^ \dx-') y ' 



also it is evident that 
dx* 



{ji-i:'^)-mo'^ 



= ^r {(jyy^ +G,+ o,x+...+ a..*'"'! • 



dx 
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In this C^y Cj, ... Cv._i are detenninate ftmctions of 7, ^^,y^^ ... 7rf 
In filet, r being less than r, 

[/ |r-l 

1 L^""^ 

So that 

... y&r^«= I ) y&r"da: + |/-ia-. 
^TWYf+i ^7r JyXJy/ *■ 

We shall attach to -r-^ the most general signification that it can 
bear. So that 

fa rx tx / rxy 

Observe that \ "^^i ^ and the integrations only exceptionally 

J tl J X 

extend over infinite values. 

67. ltf(0) is finite for values of between 7^ and the greatest 
value is supposed to have, 

+ {--iyr0^f{e)d0. 

•'Yi 

Both sides vanish when O^y^f and if we differentiate with respect 
to Of we get 

n\[nr::±(j')y{0)de^^ 
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and ihe formula is true when n = l, for 

f f Y/C^ d0'=0 I'm de - f'ef{e) ae. 

Vyi/ Jyi Jyi 

Therefore the formula is true generally. 

58. In like manner, ii f{0) is finite for values of between <o 
and the least value is supposed to have, 

(- 1)" [r^ {^y'm d0^' = ^// w d0-j 0^fyf{0) do 

+ ''^^^^^ g^J>/(g)(?g+ ...+{rlT'\0^^0^'f{0)d0 

+ (-l)*J>/(^)d^. 

Both sides vanish when 5 = ©, and, if we differentiate with respect 
to 0^ we get 



n 



|(-irin-l([J/(^(W-} 



- |i -n+^5^^ +... + (- ir« +(- ir| ^/(^. 

and the formola is true when n=l, for 

Therefore the formula is true generally. 

59. In the next Article the symbol | 'Jf {0fd0 will occur. 

The meaning of it requires no explanation, except when /' {0) 
becomes infinite between the limits, f{ff) remaining always finite 
and not truly discontinuous. 

Trace the curve y—f{0)y (fig. 4), and suppose that, at every 
point where /'(^ changes sign, the curve revolves round the paral- 
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lei through it to the axis of through two right angles, and let 
this process be repeated till a curve is obtained having throughout 

^ = + V/' {0)\ The extreme ordinates of this curve will have 

/ V/'(^'(?d for their difference, and this expression will always 
be finite, if the number of times that /' [0) changes its sign is 
finite. And, the mental concept of I vf^0)* dO being definite, its 

•'Yi 

value is definite, although y(^ become infinite between the limits. 

60. We can now establish the following proposition. Sup- 
pose /(^ to be a function of Q such that, for all values of 6 

between - 27r and + 27r, / V/ ' {(ff dd is finite, and that 

+8 

*^f'{0yd9 can be made less than any assignable quantity by 

taking S small enough, even though aS be infinite. Then, — 27r, 
7i> 7a> +27r, not being out of order, and a(27r + 7j, a{2ir-'y^), 
being infinite, shall 

sin-^ / sin-^ 

Yi * •'yi 2 



/. 





We have identically, 

sina^ ,^ ^,-. ft» Bin aO y^ ,^, . ^,., /^ Bin ad 



y (^ Si£^^ _/(o) r ^ ^ = {/(^j _/(o)} f «IHi 



de 
e 



-[-f{0)t'^^dedd. 



J sm- 



Yx >» "2^ 



Firstly, suppose 7, negative, and ay, infinite, then 
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cannot be less than ± f*/' {6) t'^!^d6de. The greatest 

value f[ d0\ can have is indefinitely small, and 

sin-i? 




dd dd vanishes. 



f ' d0 vanishes, and {/(7J — /(O)}, which cannot in 

J sini^ 



/ V/' (^*<^ i8. l>7 hypothesis, finite, 

A 1 t-y* sm ad 
Also f 

value exceed / ^/jTW?^* is finite. So tHat in this case the 
proposition is proved. 

Secondly, suppose 07, indefinitely small, and (vy^ infinite. Let 
y be negative, indefinitely small, and or/ infinite. Then, as in the 
first case, 

sin ad ,>» ^.^. i^'&maO 



I sin-d j sin- 



and, since 



I sin ^ d I sin X d 




sin ad ,^ /^» >./ //*x -•sinad j^,^ 



and 



.9 sin ad ,., ,^^ /"Y* A/ //,v9 / -« sin ad ,^ v j/i 

— ad I od 

sin-d 
2 



± ryc^ r'5iii|£d^d^:t> ry^'^^^Yf^ 



> ^jy^Wde, 



vr. 
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it vaniahea, for [ V/' {0y dO, by hypothesis, vanishes. And, in 

this case, /(7J "fi^) vanishes. So that in this case the proposition 
is proved 

Thirdly, suppose both 07^, 07^, indefinitely smalL Then, by 
the second case, 

I sin- ^ f sin- 5 

and, by subtraction, the proposition. 

Fourthly, suppose 7, + , and 07, infinite. Then, since 





sin- 5 I sin-^ 



fio)f"±^de=fio)r±^d0, 

the proposition follows at onc6, from the preceding ca&es, if 7^ is +; 

fO ry» Mi 

and, by help of the identity \ + \ = / , if 7^ is - . 

61. Supposing everything else as in Art. 60, and that a (27r+7i) 
is finite, we have, if a (27r + 7^) is infinite, (27r + 7') being indefi- 
nitely small, 

sini^ f sini(d-27r) 



I. 



V+2* sin aO 

sin-^ 

yi+2ir 2 



introducing the restriction cos Saw = — 1 (vide Art. 46). 
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So we have 

. '^2^ L^^-2^ 

A similar method applies when a (2ir *- y^ is finite. 
We see from this, and Art, 47, that we can always write 






Yl 



2 






"when the conditions mentioned at commencement of Art. 60 are 
satisfied by /(^, 

62. It follows, from Art. 60, that i£f,{0), f,{0), ...fjff), be all 
functions such as there described, and finite in number, 

/•••/, (tf) ^ dd =/, (0) f' ^ dB 



^r-. »^°2^ •'Vx'^2^ 



sin a^ j^ ^ ,^^ ^^^, sin atf ,^ 



j^ sin-^ J sin- 



2^ 



sina^ j^ ^ ,^^ ^va sin ad ,^ 



j^ 8in-d J, 



^n-l 2 ^n-l 2 



3—2 



i 
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Now if a^y_j, aO^^^, are both infinite, addition gives us 

V ^ '^ sin - ^ 

and there is no difficulty in seeing what the result is in case aO^^ , 
or a^r+i> ate finite. This shews iu what manner the result of 
Art. 60 can be applied in the case of f{0) being discontinuous. 
There is no difficulty in seeing what formulae must be used in the 
case of Art, 61, in which a (27r + 7j, or. a (Stt — 7,), are not infinite, 

63. The condition I V/' {Oy dO not infinite excludes the 

J -aw 

application of the formulsQ to a function such as sin aO^ (a infinite,) 
and the condition I wf (dy d0 evanescent with 8 excludes such 

1 CUK 

functions as sin - , and -j- , when aS is not evanescent with S. 

X 

64. Let 72 + )8=ig, 7^ + ^ = ?^, and restrict P to range from 
— TT to H-TT, and suppose — tt, Z^, Z^, +7r are not out of order; then 
neither -27r, Z^ + yS, Z^ + yS, +27r, nor -27r, ?i-A h" P> +27r, 
are out of order, and 

+/(/S)f +/(-2T + y3)f \^d,t>. 

Similarly 

»=- r ^f iff) am a {0+0)d0 ^ ^ y^^^ _ ^^ p-^'+J.Vp) 
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In these equations 2a must be an odd integer, whenever the 
terms involving/(+ 27r + /8) do not vanish. Now, if 2a = 2« + 1, 

2i2i£i£-a = i+a'coBr(^-/3).' 

sin|(^-/S) 

, l 8ma(g-/3) . l fima{e + 0f) r=. . 

and - > +n . ' =l+2Scosrgcoar^, 

lflma (g-/3) 1 Bin a(g+/8) „«S' . .. _ 
~ o' 1 ' =2Z8inrg8inr/3. 



So that 

|a=oo/'i, (I r=9 ^ J ... 1 C ^. _ ra(-2r+l|-^) 



' f V(^ G + S'cos rd cos r4 (f^ = ^ l/(27r + ff) f ^" 

Jji l-^ r=l ; ^ I Va(-I 

+/(2,r-/3)f +/(/3)) +(/-i8)f 

/•a(21^+lJ-^) raCaff+ia-HB)) gin cfc 



and 



(A. +18) 
+/3) 



/(^)S8inr^sinr)8dr^ = i4/(27r + /8) 

J^i r=l -^ I /a{-21r+^l-^) 

-/(2^-^)l +/(/3)| -/(-/9)f 

+/(-2,r+/9)| _/(_27r-/3)f Ht^- 

In these equations I vanishes save when tt — I^ 

TT + /8, both vanish, and similarly for the other like integrals : also 

vanishes if either (fi — l^ or {l^ — /8) is + and finite, and 

aili-P) 

/'a{h+P) 
if either (— i8 — 7J or (? + /3) is 4- and finite. 
a(«i+^) 
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Now if *W=j^W froia 5«-7r to e^\ 

and ^f,{0) 0^\ ... 0^\ 

=/,(^ = \ ... 0^\ 

we have 

f '* W (o + 2 cos rd cos r/8 j c?^ 

I <E) (^ S sin r^ sin rfidO 

and the question proposed in Art 36 is completelj solved. 

65. Example: 

Suppose ^ (^ = 1, ranging from — — to + - . 

Since f cos r0d0 = ^^ * ; 



J.* 



COS r0d0 = 0, if r is even, 



a 



= - sin -^ , if r IS odd. 
r 2 

Whence, for all values of /8 from — tt to + ^ inclusive, 

TT 11 

= — + 2 (cos /8 -- COS 8/9 +- cos 5/8— ). 



I 
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Shewing th^t, exclusive of values for which oo (+ ^ ± )8) is 
finite, 

from )8 = -7r to -|, ^ (0 + 0) =|-f 2(cosiS-icos3;3 + ...), 
,.. /9 = -Jto+|, -(7r + 7r) = | + 2(cosi3--cos3i3 + ...), 
... i8 = + ^ to +7r; = ^ + 2 (cos)8--cos 3)8+...). 



There is false discontinuity when ± — ±fi vanishes. 

If j3= --A — , we have 
2 oo 



i{i::<')^^<^^ 



-?«H(l+j)-i-Kf+^)+4 



the number of terms of the series being f oo — ~ j . 

66. Example : 

Suppose *(5)=d, from d = — tt to — + ir. 

+» +» — rO cos r^ + sin rd 2ir cos rw 



f d&mr0d0 = 



7^ 



So that 
i (27r + ^f -(27r-i8)/ +y3 

i.oo(ir+^) /•oo(8ir-^) ^oo(8ir+^)% • . 

+ )8 +(-27r + /8) +(-.2^«^)| P^# 

5=27r (sin/3--Bin2/8 + -sm3/8- ). 
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There is fiJae ^iiaoontiiiiiity whoi fi=^w, and fi = + v. £x- 
cIiinTe of Yiloes for which oc («- ± /3) is finite, we haye, /3 ranging 
frcmi— w to +w, 

wi3==2w(sin/3-|8in2i3+| sin 3^-. .....). 



If /3=w , wc ha^e 

w}uch is 71^ when c is infinite, when c is 0, and has for its 

greatest maximmn value ^ir{'^d^ 

Jo 9 

67. Example : 

Suppose ^{0)=^0, torn = to = ay 

and = 1 1 firom = a to 0=ir. 

TT — a w — a 

Then 

_^ a /^nrcosTTT sinrg — racosraX ira ( cosm- cosra\ 
w^^V »^ ^^^ ^ TT — aV r r / 

a /sin ra — rg cos rg + ttt cos ra\ 
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So that 



(sin a Bm)8 + ^ sin 2a sin 2/8 + ^ sin 3a sin 3^ + ) 



2 I j-ap Jafi ^ TT— a Ja{a-p) 

= ^, from i8==0 to i8 = a, 
^^ cr(^^-^^ from ^ = a to /5 = 7r. 
A change in the sign of /3 changes the sign of the series. 



If a = TT — , the expansion is the same as that in 66 as long 



imrlir — j 



sm 
as — vanishes. For a = . The expansions 



a 



are then eqnal in value, except in the neighbourhood of the false 
discontinuitj. ' 

68. Example: 

Suppose 4>(^ = & Tl - ^ from ^ = to ^ =3 a, 

= a ...... TT, 

and not to change sign with 0. 

r^{0) coBr0d0 = (f* + r)^{0) coBr0d0 = 5 fcos r^d(9(l - ^ 

I sin ra b ra sin ra + cos ra b J (1 — c os ra) 
T~"a- ^ ~+Pa-. Pi • 



42 REPBESBNTATION OF TRUE AND FALSE DISOONTINUITT. 

So that 
r a> {0) ( J + 2 cos r0 cos rfi) dO 

5a ., /I -cos a ^ l-cos2a ^^ . \ 
= Y^+6f cos)3 + — ^ cos 2^+ .,..1 

= 0, ... )8 = a to )8 = 7r. 

This result is still true when a is ^jninished indefinitelyy pro- 
vided ax still remain infinite. If ax were finite, the condition of 

Art. 60 would be violated, for 1 (--/ .212^ d0]d0 will not 

J0\ OLJO • 1/1 / 



8in-d 



Tanisb. 



69. Example. In (68) supposing cm finite, we can proceed as 
follows. 

Since 
I [- + 2 cos rd cos ryS J rfd 

= i|J|^ + Scosr(5-/8)+| + 2cosr(^ + /3)ld9 
^1 , /sin g (g - /3) ^ sin a{0 + /3) \ ^^ ^ f f '"*' | f '""^ "'^ ^ 



sin-^ 



d0 



r«(«-P)sin<^ ,. , f«(*+^)8inA ,^ 
Jo 9 Jo 9 
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for 



I ,^ dd) = I —-7^ d6 ; we have, 
Jo 9 J -afi (p 



JoJo U 



+ 2cosr^cosr 



■^)^=f«(/::^rT^<^'"- 



Now 



Jo ^0 vo/ 

if *" (^ ^ 0, which it is in the case considered in (68), 



So we have 



f *<E> (^ ^^ + S cos r^ cos 7-/9) (Z^ 
Farther Examples will be given in the Appendix. 



70. Peop. 






(e'-e^dx 



2 cos (oj + f ) + e 



-tan-* (k tan^ii)-tan-' (A: tan ^"^ , 

where ^ = — — — -y. It is supposed that no odd multiple of tt 
occurs between x^ + $ and a?i + f|. 



In fact, 



!^- 



(«'-0 



2 cos {x 



0^ r 2(e'^Oc?tan£±l 

+ f) + ^ j(eJ_e-^)'+(eUe-Vtan'^ 



s: const 



• + — s r^. i . tanMfetatn-— 2|. 
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71. Prop. In like manner 
sina^ -* /«*• + ! 






In fact 



-H(7#: 



tan 




tan- 
2 



(jI7>'"V 



1 + 



— 2 tan -cos'- 



1 • Jt 1 ■ * 



— sma 



(e" -c *)• cos'- + (e* +e ")' sin' - 



72. To trace the curve 



y= 






[f-e^dO 



6'-2cos(^ + a) + 6'" 



it is supposed that 8 < ^tTj so that onlj one odd multiple of ir can 
occur between a: + a and (a? + S + a). (70) shews that, when no odd 
multiple of ir occurs between aj + a and (aj + S+a), (bearing in 
mind that y cannot change sign«) 



y = 2 



*=• 



■jtan"* Uc tan 



x-^-h-^-ai 



)-tan->(4tan^)l 



= 2 



jfessOO 



tan 



-1 



( 



A; (tan 



a; + S + a ^ a? 
z tan — 



2. J 



To 3/+ a 5 + o + a 
1 + A;' tan ^^^ tan ^ ^ 



= 2 



Jb=s«> 



tan 



-1 



A;sin- 
2 

aj+6+a aj + a . ^^ . a? + a . a? + 8 + a f* 
cos — cos — :: — hArsm— - — sm- 



2 



2 
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This will always vanish when both — — , — ^ — ) differ 
finitely from multiples of tt. 

When sin vanishes, let ±kam — - — =A*> A* being +, 

then V = 2 tan"^ - . 

OS "f" OL 1 

Similarly, when sin — -— vanishes, y = 2 tan"^ — , if 

± K sm — ^ — = fi^. 
When an odd multiple of ir occurs between x and a: + S, 

(2n+l)"' ra?+* 

(a»+l)ir 

provided x, {2n + 1) w, a? + 8, are separated by finite intervals. 



r(2n+l)ir rx+i 

y=|. +1 =7r + 9r = 27r, 

y» - J(a»+l)ir 



In the curve drawn it is supposed that B is small, but finite 

(fig. 5). 

OPj=27r-a-S, PjP.^Tr, P^P.^'T^ OP,=27r-a, OP7=47r-a-S, 
the course of the curve is as represented. When 8 vanishes the 
max. ordinate is still = 27r, provided k sin - remain infinite. 

If k sin - is finite, the max. ordinate becomes 4 tan"*[i tan - j . 

If S vanishes, k sin - remaining infinite, the curve will asa.ume 
the shape given (fig. 6). 

If ^^ = 0, y = 27r. If — ^^ is infinite, although (27r — S) 

Yanishes, y = 27r ; except when a? is in the immediate neighbourhood 
of (2r7r^ a), when y is smaller, having zero for its minimum value. 

9 — ^ 

If is finite, we have, when x = 2r7r— a, 

c 
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73. To trace the curve 






Anaidx 



e*- 2 cos a + 6"*' 



where 8 is +i and k vaiiishes (vide Art. 71). 

From » = — 00 to « = — S— ooo, (ooa = 0,) y is zero; 



-f a 



from a?a» — S— Goa to ajsa — 8, v = tan** — -^, 

aj + o 



for = - H ;?— 

tliiltanO 
£2 .es 2/ 



sinadx 



2 cos a + e" 



2 



sec - 

a=0 ,2 

tan "**——« — — tan' , 
c 2 c 



— — . tan * — 1 



from oj^— S to aj= — 8+ooa, y 
from ax= — 8+ <»a to a? = — Qoa, y 
from^ aj»— aoatoa; = 0, y 



7r»-tan 



-1 



x + S' 



= 7r: 



from a> = to a;=ooa, 
from a; = Qoa to aj=oo, 






w — tan -; 

X 

tan - : 

X 



= 0. 



The course of the curve is P^P^P^P^OP^ (as in fig. 7). 

Suppose £ indefinitely diminished, yet so that - still remain 
infinite, the curve will be as before, OP^ being indefinitely dimin- 
ished. But when - becomes finite, the maximum ordinate of the 
curve becomes 



a = ri 



IW 



sinadx 
2 cos a + e 



rx> 
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which, aa we have seen, 



sec'tr 



It «tan- l-TT- 



= TT — 2 tan"* I I , tan - I == tt — 2 tan 



.-J 



ii) 



which vanishes when - is indefinitely small. 



74, Pkop. Suppose jP(t?) is a function of v which is always 
finite as i> increases firom ^ to (a; + 2Q, and is such that 



{^(-'+S-^c)l 



can be made less than any assignable quantity by taking n large 
enough, then 

The resolution of -je"*— 2cos^^-^-^ — ^ + e"**'f into w factors, 
when 71 is an integer, gives us 

e"--2cos ^^y^^ 4-e-^ 

r=l L ( ^ w^ ) J 

Taking the logarithm of both sides, and differentiating with 
respect to c, we get 



" « 7r(v — a?) ^. ""y-i « « f2(r — l)7r iriv — x)) . . 
e"*-2cos— ^^-7 — ^+e^* ' ^e*-2cosj-^^ "^ Z M^ 
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Now, from Art 70, we obtain the following definite integrals : 
"^■, (e- - e-) dv 

= ^Itan-* (4 tan J) - tan-' 1 « ?f tan"' (k tan j) . 

^+« (^ - e"") dv 

I (. o, 2 (n - 1) In + IT (v - x) _) 

= i^[^-tan-{&tan(^-g| = ^tan->(itan5)]. 



r 






Let uil be the least, and ft the greatest, value which F(v) 
receives, as v increases from x to {x + 2l); then, O^j ^j, ••• repre- 
senting quantities between zero and unity, 



.«+« (e°-e~^F(v)dv 



= 1^ i?- (« + 2Z - ^') tan- (;fe tan J) , 



^+M (g°-OF(p)<^t> 



•'f+,«{«'- 



7r(v — a?) . „| 
2 cos— ^-T — ^ +e^Y 



<ftja^ n{e*-2cos^^^^^^^^+e-* 
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21 



r--«-S {e'-0-^F(v)dv 

I fo o 2 (n - 1) i-TT + TT (« - aj) 



nL'- 



2 cos 












+ e" 



i 



n 



e''-2cos 



2 (n — 1) fa + TT (t; — a?) 



nZ 



^- 



X 



^nc_^-nc 



e-e 



6"" - 2 cos 



TT (t? — a;) 



Z 



+ 6^ n 



- 



TT (v — a?) 
2 COS — ^— ^ ^ + 6 






C'-e 



e*-2cos 



2 (n — 1) Ztt + TT (t; — a?) 
nl 



■^•i 



^(v) rfr. 



AT 



e""-6"*" 



e^-e"' 



,"o«2cos^^^^ + 6- 



Z 



n|e^- 



2 cos 





e — 6 



f « o. 2 (n — 1 ) /tt + TT (v — a;) . _ 
n4e*'-2cos-^ ^ 5 ^^ +e 



nZ 
whence, by addition, 

e"^- 2 cos ''LS^-^+e^ < fl 

a? 6 






TT (v — a?) 
nZ 

dv\ 



+ e 



i 



/ 



r ,x+^ (e'" - e""^) efv 



/ 



JM 



2 cos 



TT (v — a?) 
Z 



+ e" 



22 



J n-^c*' — 



(e'^-Qe^v 



2 cos 



TT (v — a?) 






nZ 



+ H 



2 (w — 1) Ztt + tt (i; — aj) . . 

2 cos — ^ j ^ + e 

nl 



21 



TT 






:^{^'-i'--("":-MH-f) 



^fU + 21- ^1 tan-' (ife tan j) . 



w. 



60 BEPBESENTATION OF TBdE AND FALSE BISGOKTINUmr. 



Now 



0sO 



2. Ji 

tan — 
a 



e'-e 



c 

'i 



sec* — 

a a 

1 *L ® 



c=0 



27r^c^-- 



a 



n 



which is infinite, if d is a fraction neither infinitely near zero nor 
infinitely near nnity. 

Now, although n is truly discontinuoiis, yet if c be so taken 
that (fv? be always finite, n may be taken so great that h tan -^ be 

infinite, and tan"* ik tan -^ 1 have — for its limit. 

We have, then, since 

both by hypothesis vanish, 



««= 0^+21 



^^^J^^ = I {F{x) + F{x + 2Q}. 



e"*-2cos 



Z 



+ e 



75. Peop. Subject to the same limitations as in (74) we have 



/ 



e"" - 2 cos 



TT (i; — a?) 

T 



= 2Zi^(a:), 



+ e 



,-«o 



provided also that je"* — 2 cos — ^^-^ — - + e^\ does not vanish; x is 

supposed intermediate to u and (w + 2Z). If x be not so, in place 
of 2lF{x) we must write 2lF{x+ 2rl), where (a? + 2rZ) is interme- 
diate to u and (w + 2Q. 



76. Subject to the same limitations as in (74), 

^ = ar+«+2l (e*'<^-e-^)i^(t;)(7^; 



»+« 



e"'-2cos 



) F(v) dv ,„, . r 2, ../, 
7— ^■^— = Z^(a?) n tan MA; 



+ IF {21 + a?) jl + - tan"' fi tan |] 



Z 



tan 1^^ 
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For (Art. 70) 

and f > ; — ^ { = — ■F(ag + 2Z)tan"MA?tan~). 

Whence the proposition. 

We observe that the definite integral has false discontinuity, 
except when F{x)^F{2l + x), but is never truly discontinuous. 

77. Poisson, Tait and Thomson, and others, have attempted, 
by means of the definite integral discussed in Arts. 74 to 76, to 
establish formulae corresponding to our formulae of Art 67. 
Generally speaking, an indirect method of establishing a propo- 
sition is either redundant, or else contains a concealed pettiio 
princijnu In the case before us, we have, by multiplication, 

ie'^ - 2 cos —^ — ^ + e^Ml + 2e^cos— ^^-| — •' 

« -««j 27r(v — a;) .«-««, swiv — x)) 
+ 2e^ cos — ^~ ^ + ... + 2e *~' cos — ^-^ ^Y 

^ ^ ir(v — x) ^ ^^ 27r (t? — aj) . 
= 6*^ + 2 cos —^^-^ — ^+2e^cos — ~ - + ... 

+ 2e^ ' COS — ^ ^ — 2cos — ^ — - — 4«^^cos' — ^-^ — - -- ... 

- 46^^^**^ cos ^^ ^-j^ cos — ^-"2 — ^ + e^ + ... 

+ 2e-<->- cos (^-'^](""^) - 4.- cos ?^!l(^ cos "^-^ 
+ 2.- cos (^-^)^(^-^) + 2e-^-»- cos ?!L(!LZ^ 

..«: ^-nc o.'-mc ^^„ (^ + 1) TT (t; - a?) _^ ^^-<*^j,^ ^^^ ^ TT (t; - a?) 



= e"* - e"^ - 26'*^ cos > ■■ ' , ^ ' + 26"^'^*'*^ cos , 



4—2 
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So that 



-^« {^^e^F(v)dv 






^r^^F{v) dv-^-iij^'^^if^oos ^^^^ ""^ Fiv) dv 




+ 26-^-* I - 



+« «« (ff + l)ir(p — a:) ^_, «Tr(f7 — a:) 
«* "• cos ^ ^—j^ — «^ ■• cos — ^ 

€^- 2 COS — ^-"2 ' +«^ 



«+« AM («+l)w(t; — a?) ,^ «7r(t7 — a;) 
e* cos^ ^-p ^ — ^^■•cos — ^-^ 

Now I . X F{v) dv 

ei*' — 2 cos —^ — ^ + «"** 

.-*« (,.-._e-»-0co8^1±M^^^^ cos fcLi^ 

7 ? ^ ^(f) «?» 

e~— 2co3 — ^"2 — i+c^ 



- 



«^" (.»-+e-»-) sin (^ + i)^(^-^) sin i!L(^ 



' ^ i^(t;) dv. 



u e~-2cos — ^-i — ^- + er^ 



7r{v — x) 
1 



the first of which, by 75, generally 



7T7/ V (« + i)7r(a? — a?) iTrfa; — a?) 
= IF {x) cos ^^ ^^-j-^ ^ cos ^— S 



and the evalaatiou of the other involves the discussion of the 
integral 



Sin ^ ^-^-y-^ ^ F (v) dv 



i 

I . TT (v — a;) 

Ju sin ^ ' 



2; 
which is the envelop of the series. 
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78. In many cases when the methods of Arts. 74 to 76 fail, 
owing to the form of F{v), the formulsd of Arta 54, 55 will serve 
to give the yalae of the integral. An example of this is iximished 
in Art. 69. 

79. Prop. |-° p ;in«.i^(x)^ 

*~^ ipf{\\ ('* sinofidoj 

^^ Jar» ^-2COSa + 6"*' 

provided I *JF' {xfdx is never infinite from a? = ajj to aj = a5j, and 

JXi 

that, for all finite values of c, 1 ^F'{xydx may be made to differ 

Jo 

from ^(0) by less than any assignable quantity by taking a small 
enough. 

We have (Art. 54) 



«■* 



r* Bma.F{x)dx _ „. . f^ sin (xdx 
Ja,,e*-2cosa+e"*" ^^^ Jaf.e" - 2 cos a + 

Jx^\ Wari« -2cosa + e^/ 

Now, if a;,, a; have the same sign, and — , - vanish. 
* ° x^ X 



J a 



sin adx 



a»^e*-2cosa + e"*' 

\7hich is always + , can be made less than any assignable quantity 
by taking a small enough, and the square root of the square of 



(^ f -c^f / \ f* sinadir \ , 
Jar, e?" - 2 COS a + e^ J;-, "^ ' 



and / VjF" (a;)'t& is finite by hypothesis : so the last term in the 

J Xi 

above identity vanishes. 
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Again, if — , - are finite, the square root of the square of 

Jx,\ Wajie*-2cosa + e V Js,, ^ ^ ' 

an evanescent quantity : and, by hypothesis, in this case F(x) ^F(0)^ 

All other cases are readily demonstrated by help of the above 
two and the axiomatic principle that if a quantitative proposition is 
true for all finite values of a variable, it is also true for some 
infinite. In other words, if a proposition is not true for any infinite 
values of a variable, there are also some finite values of the variable 
for which it is not true. 

The principle, as above stated, is axiomatic in its nature, and 
will be conceded by every one, as far as it is necessary for this 
proposition. The word * quantitative' is above introduced to meet 
paradoxical reasoning such as * all finite values of a variable are 
finite, therefore some infinite values of a variable are finite,' 



80. In cases where the conditions, stated in last Art as 
necessary, do not hold, we can often find a value of x so that, 

((h( ^ = I *"^ sing \ 

\^9W-| e*-2cosa + e"*y' 

and in that case (Art. 54), 

/ ' F{x)^{x)dx-:^F(fS)\ <l>{x)dx 

J Xi J Xi 

-F'{(!>)\''[\'<l>{x)dJfdx + 



+ 



( - l)»i?'(») (0) p |(/*)V («) <^"} ^- 
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This formula can always be applied when 

F{x) = a^ + a,aj + a,aj^ + ... +a^aj* + -F; (a?), 
and F^{x) satisfies the condition stated as necessary in Art. 79. 
It is not at all necessary that a^, a^^,.,a^, be finite. 



81. Since, X^, X^ being functions of », 



/ 



a Sin a 






^* ^ sin ry 

Xi 1 ^ 



We have 



"^a r^a sin flKC sin ay , , 

^f ax ay 

sin - a; sin - y 



f' (Xa - XJ sin qa? efa ^ /^« (sin rX^ - sin rX,) sin ax , 



Now, if 



rsin-x 



iW's *" 



Ix^ 



■IW 



dX* 
cos*rX,--T-^ffa?, 



and corresponding quantities for X^, are always finite, and 



^^/w-. /:v^'-- 



dx 



evanescent, (i.e. if both X„ X„ satisfy the tests of Art. 60), we 
can apply the formulae of that Article, and so obtain 




^t sr 



^dxdy = 






•^8 sin ax dx 



1 
sm-a? 
2 



+ 22 
1 



^=V8inrX, -sinrXJ p sin oa? ^^ 
** ' sin-iu 

^« sin ax 



a?=o /-Xaginay , \ /-^^ sin aa;. 
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82. Prop. Suppose /(a?, y) to satisfy the tests of Art 60, 
whether considered as a function of a;, or of y, and X^j\X^ also to 
satisfy those tests: then, when — 27r, Xj, X,, +27r, are in order 
for all values of x included within the limits, as also — 27r, x^^ a:,, 
+ Stt, and a {2ir + X^, a (27r — X,), a (27r + x^^ a (27r — x^, are all 
infinite, shall 

»=« p r^'.f{x, yU\n ax Bin ay ^^ ^^ 

We have 

r^* f(x, y) sinaa;sinav , -, ^. sin aa? r^* sin ay , 
f ^ /; . 1 ^ dy=f{x,0)—- —^dy, 

I sm-ajsin-v sin-o? I sm-v 

Jx, 2 2^ 2 Jxi 2^ 



and 



r{/(-.o)-/(o,o)}/^/''^ 



■lin^a? I sin 4-1/ 
> / sin aa; c^* sin a; 




= {/(-. 0) -/(O, 0)} fY^ r- '^dy\dx 

= {/(-., 0) -/(o, 0)} r f"' "°'^"f°-;yf^y 



^M /^» r^'sinc 

•'«, •'X, 



8in-a!8in-y 
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Consider a little square, with side S, such that S ultimately 
vanishes, although aS is infinite, and the origin is in the centre of 

the square. Then, if the limits which bound the surface I I docdy 

J xiJ Xi 

enclose no portion of the little square, it may be shewn, as in 
Art. 60 firstly, that the right-hand member of the last equation 
vanishes. And it can be shewn, as in Art. 60 secondly, that the 
same expression vanishes for the little square, or any portion of it, 
since X,, X^, satisfy the tests. Now (Art. 47), 

k'^2^ '^^ i^"''2* 



so that 



a=co 




^' /(jg. y) sin aa; sin ay ^ , 

Jaxi 9 JaXi * 



A similar proposition may be established for any number of 
independent variables, which is here established for two. 

83. Formulae corresponding to those of Art 64 can be esta- 
blished for any number of independent variables. Thus, to take 
the case of two independent variables, if we seek the value of 



as 00 -fa rli 




< f(0, 0) sin g (g - /3) sin a{ff-0) dffdd 
sin^(^-/3)sini(^-/30 



we find, by Art. 64, that it 

2l 1/(2,r + /3,^)f +m,ff) 
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+/(2ir + A - 2«- + /SO //+/0S, 5hr + >30 //+/08, iS-) I 

+/08, -2.r + )3') //+/(- 2ir+/S, 2Tr + /S') //+/(- 27r + A /S')// 

+/(-2)3 + A -27r + i80/jl. 

The limits of the integrals all follow the same law, and so can 
readily be determined. The term involving /(/9, ^) is the only 
one of general importance. 

84. The last Article enables us to express by means of a 
double series the equation to a periodic surface every square of 
which is identical in form with every other square, and has any 
form which we may please to assign. It should be observed that 
of the nine terms of which the second member of the last equation 
consists, one only is generally eflFective, four others are eflfective 
only at the edges, and four others only at the comers, of each 
square. If the form of jT is itself properly periodic, there will be 
no false discontinuity ; if otherwise, the false discontinuity at the 
edges resembles a plane folded backwards and forwards upon 
itself an infinite number of times, yet so as not to acquire thick- 
ness by the process. But we may select other forms of definite 
integrals, and so obtain false discontinuity of a simpler kind. 
Such definite integrals are 



c = M'+2r M+^L 



{e'-e'^*F{v\v)dv'dv 



j (e*-2cos--^-^y — ^ + O(e*-2cos— ^-7 — -^ + 

a=o rarspa sjn' a . F {x, y) dxdy ^ 

Jx^iyi (^*- 2 cos a + 0(e^*- 2 cos a + O ' 

J oh (i-2ap+c0* 

where ^ = cos ^ cos ^ + sin ^ sin ff cos ('^' — '^). 

(Vide Poisson, Th^orie de la Chaleur.) 
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Or we may get the false discontinuity to be simple by suitably 
choosing for f{0, ff), since /(^, ff) may be falsely discontinuoos. 
The following example is an instance of this. 

85. Example : 

To find the equation to the surface of a pyramid, periodically 
repeated, the equation to the four slopes which meet at the vertex 
on the axis of z being 

^srTT — a?, « = 7rH-a?, z^ir-^y, z^ir+y. 
The equation will be 



Z— ' 



^ {(/!./> /.'G"-^'' ^/"-./>+^> 



+ 



{.LL'^Uy-y^^Uy-A 



sina(a;-a;OsinaCy-y) ^ , 
sin -(a: -a?') sin ^ (3^ -y') 

Now sinq(a?-a;Osina(y-y) 
sin- (a?-aj') sin- (y-y) 

= {1 + 22 COST- (a;- a;')} {1 + 22 cosr (y-y)} ; 
and / sinry<?y = 0; (/ +/ ) sin ryrfy = ; 

J X \J Of J -It J 

or the series can contain no term involving sin r\f ; in like manner it 
can contain no term involving sin rx. This is secured by choosing 
the fdnction such that a change in sign in x or y affects not 
its value. 
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We have then only to operate upon 

§ 9 9 9 

1+22 cosry C03ry'+22 cosr'a? cosra?' +422 cosr a; cosry cosrV cosry, 
1 1 11 

and onr equation will be 



1 



"""^|/.X<'-»^^r/>-''>} 



(1 + 22 cos r'x coa rV)(l + 22 cos ry cos Tjf) dx dy. 



Now ^\j j (w--y)+j j {v - x)[ dx dy 

IT'/ 11^ a? \ 



li\\ (''T — y)cosryrfy+ I (w — a?) cos ry c?y {• 
_ 2 cos ry' Jtt si 



sin rTT TT sin rx \'ry sin ry + cos ry 



(tt — 0?) sin ra ?| _ 2 cos r/ f cos ng — cos rw) 

jj j (7r-y)+j j (7r-aj)|-cosryco8r'aj{fedfy 



4 cos ry' cos rx 



_ 4 cos rj/ cos rV T' (cos rx — cos rTr) cos r*x 



i 



r* 



<& = 0, if r4=r', 



_ 4 cos >'y cos ^a?' f' dx _2 cos ry' cos roj' . - , 

"" ^. Jo2i^ ^ ' If r = r. 



Also I (cos rx — cos rrr) do? = — tt cos rw. 

Jo 
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We have, therefore, 

_ TT ^2 cos nr cos ry^ ^2 cos nr cos rx ^ 2 cos ry^ cos rx' 

+ {7r + x') 

-oaf Ja(-ir-jO ^a(-»-jO •'a(*'-yO 

+ ('r-/)( + ) 



J -oaf Ja(-af-in) 



Fig. 8 shews in what compartments each term is effective. 

86. As long as we are only concerned with Space and Time, 
true discontinuity can never arise otherwise than as explained in 
Chapter I. But in dealing with questions of Natural Philosophy, 
the question will arise whether the mind is perfectly capable of 
conceiving a truly discontinuous substance, for instance, a sub- 
stance the law of whose density is not truly continuous. When we 
speak of a sphere of uniform density, do we conceive a substance 
to pervade space which has a zero density outside the sphere, and 
a constant density, not zero, inside, the passage from one to the 
other being abrupt? If so, we drop the conception whenever we 
proceed to reasoning involving the differentiation of such density 
throughout space, and in its place supply the conception of a mass 
pervading the universe, in which the density is the same at the 
same distance r from the centre of the sphere, and has for magni- 

a=o p rr+/ sin adr , , . 

- -F — t: r"-=? , where r is 

IT Jr-r^ e — 2 COS a + e 

the radius of the sphere, and p is the density of a point inside it. 
Any such function may be chosen, and they may not be equal on 
the surface of false discontinuity. If inequality there affects in any 
way the conclusion arrived at by any reasoning, it will be found 



tude a function such as 
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I 

that the reasoning assumes a certain character for the function 
throughout the surface of false discontinuitj. 

It would seem that, generally, the result of a diflFerence of law, 
where there is false discontinuity, will shew itself whenever differ- 
entiations take place, but will never shew itself whenever inte- 
grations take place. This illustrates the statement of Art. 33. 
In fact we cannot differentiate the density of any conceived sub- 
stance, without possessing an idea of the substance, quite inde- 
pendent of our experience of the substance, yet so constituted as 
to chime in with it : being, in fact, one out of an infinite number, 
which all alike correspond with the experience ; that particular one 
being, in general, selected, which presents itself to the mind as 
the simplest concept 
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CHAPTER III. 



OF THE FUNCTIONS WHICH SATISFY 
DIFFERENTIAL EQUATIONS. 



87. In the functions which satisfy differential equations, 
constants generallj occur which do not occur in the original 
equation. It will be obvious that if such constants be replaced 
by functions like those spoken of in Arts. 26 to 29, the given 
differential equation will still be satisfied by the function so 
altered. Such a solution may be called a discontinuous solution 
of the differential equation. Thus, for instance, the differential 

equation, ^ = a, is not only satisfied by giving to y the value 

X 

ax-^- C> 

where G is constant, but is also satisfied if y have the value 
expressed by the function 



c */(x - rby 

y^ax ^ — r-^ ^ — -^—^ — ^ v-^ 

^ a — 6 a?— 26 a? — r6 

cV(a; + ri)" 



CN{X' 
X" 


b 


X- 

c»J(x 


-2i)* 
-2J 


c^{x + b)* 


+ 2J)» 



a? + 6 aj + 2J x + rb 

This vanishes when a;sO, and gives, 

when a? = + J, y = ± ai or + a5 + 2c, 

... a?=s + 2J, y = + 2aJT2c or ±2a6 + 2c + 2c, 

and so on ; so that by taking 2o = aby and b small enough^ y may 
be made to differ from zero by less than any assignable quantity 
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for all valaes of x, and jet the equation -^ = a be still satisfied. 

In this way, whatever be the valae of -p , y may be made to 

differ from any assigned function of a; by a quantity less than 
any assignable quantity. It is obvious that the method may be 
extended so as to equate to entirely independent functions as many 
differential coefficients, of + or — orders, as we please. Such solu- 
tions may be called truly discontinuous solutions. 

88. Now, although it should be recognized that differential 
equations are satisfied by truly discontinuous functions, yet it 
ought only to be. allowed that such solutions are solutions in the 
sense that every continuous bit, starting from, and ending with, 
a point at which true discontinuity occurs, and having none such 
points between its ends, is a solution of the differential equation, as 
a differential equation. For, from the nature of a differential 
coefficient, at a point where true discontinuity occurs, the differ- 
ential coefficient has only meaning with reference to the direction 
in which the continuity is unbroken ; for every mode of obtaining 
it, as a differential coefficient, presupposes continuity. 

89. But the reasons which lead to disallowing truly discon- 
tinuous solutions to be solutions in the same sense as a continuous 
solution is, do not apply to falsely discontinuous solutions. If an 
equation exist between x and y, and a function of x, when substi- 
tuted for y, satisfy the equation, y equal that function is said to be 
a solution of that equation, as far as that equation is an algebraic 
or functional equation. In this sense truly discontinuous solutions 
must be admitted. If further the equation involves in its idea the 
idea of continuity, as differential equations do, the functions, whose 
differential coefficients occur in the equation, must not be truly dis- 
continuous. But any function of x, not truly discontinuous be- 
tween the limits between which the solution is to apply, which, 
when substituted for y, satisfies the equation by means of itself and 
its derived functions, should be allowed to be a solution. So 
falsely discontinuous solutions are as admissible as simpler solu- 
tions. 
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90. If in the equation, 

f{pc) is always finite, y —\f{x)dx + C is the most general 

solution consistent with y being not truly discontinuous. For 

dC 

-T— must be zero, and the rate of increase of no not truly discon- 

tinnous function can be throughout zero, unless that function have 
always the same value. 

But, although if /(a?) is ever infinite, and (7 be a function, 
expressed by a definite integral (similar in nature to those on 
which Fourier's Theorem depends, and which we shall represent 
by /(a?),) and I{x) only change value when /(a;) is infinite, then 



y « \f{x) dx + 1 1{x) dx 



satisfies the equation -^ =/(aj). I{x) is a falsely discontinuous 

function which is zero when /(a?) is finite and may be 

infinite when f{x) is infinite. / I(x) dx is one of those functions 

which we shall represent by W{(c), being a falsely discontinuous 
function, passing continuously from one constant value to another 
constant value when f{x) is infinite. 

Yet it would be incorrect to regard 



ri = lf{x)dx+jl{x) dx 



as a solution of the equation -^ =/(aj), notwithstanding that the 

dft 
value of -j^ obtained from it confounds at every point with f(x), 

for the difierence between ^ and -^ is not zero when f(x) is 

infinite. 

W. 5 
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So, in eyeij case where /(^) is known in conception as well as 
in yaln^ y =■ l/{x) dx+ C ia the most general solution, consistent 
with y being not trolj discontinnons, of the equation " 

91. But if we hare an equation 

y= lf^{x)dx'{' (7j, y= lfi{x)dx+ (7,, are not the only solutions 

admissible. We maj have also solutions wherein ^ is truly 

discontinuous, and y is not truly discontinuous; and^ when there 
axe values of x which satisfy j^(a;) =^(«), other solutions wherein 

neither y nor -^ are truly discontinuous. - Thus, for example, if 



\dx J dan * 



we can have 



dy •=® r+* miwiz 



'^{y'-yo) = 



dx~\ '^Jx €* — 2cosa+e"*' 



2^ c-- 



2 cos a + e"* ' 



in which neither y nor -^ are truly discontinuous. We can 
also have 

dx 2 \ x—a j 

in which y is not truly discontinuous, but ^ is. (See fig. 9.) 
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In like manner trae and false discontinuity can arise in the 
solutions of other differential equations of a more complex nature. 
It should be always carefully remembered that, if a not truly dis- 
continuous function of Xy when substituted for y, satisfy a proposed 
equation between x and i/y y equal that function is as much a 
solution of the proposed equation as any other solution can be. 



92. Take the equation 



/ 



Let us investigate whether 

Ia=o f r+« /•<j+xVi+? 

J(ca? + vl+c^l +vl-aj"/ 

_!_ / ^ .rrr-iK I -^^+*^^"+^T sin adz 
+ (.,^^+ViT^)j_^ J_____ 

be a solution of this equation. 
If we differentiate we obtain 



Vl + c' (ca? + Vl + c^ sin a 



gc+a: >/!+?_ 2 COSa + e"^"*'^^^^*^ 

sin a Vl — i»*Vl+c" 

mX^ ■■■■■ — ■■ ■— — — ^■■■^ — ■ ^ ■ ^ ■ ■ *T** 

^+*\Tf? — 2 COS a + e-«-a?>^+? 



Retaining only those terms which are of importance when 



"'"ViT?-^^"' 



where g is finite, we have 

dy_ r+« a? /-c+xViT? 



Oi+Wl+Ci* 



sin a.{7l+c'~c'+2cgrgViH-c'-/a' (1+0 --1 -egg Vl+0*} 

^+xViHh?_2 cos a + 6"*"*'^^^^^^ 

= c f^* « ^ r'^'''^^^ -gg" sin g 

J c+Wi+? Vl-oj* J -c.+*Vfiv efl'*^^i+^ - 2 cos g + c-^>^i+^ ' 



5—2 
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So we have 






ViT^j' 



-•i+«\^r+? 



00 



and thence 

'■(»-i)'-''('-i) 

+00 \« / /•c+Wi+? \« / f-Ci+arVI+Vx" 

■^V — 



/ r+oo \« / rc+Wi+c^ \« / r-ci+arVI+tfA' 



/ /1 + c' ca? \ r+* rc+Wi+c* 






In like manner it may he shewn that any falselj discontinnons 
function, which coincides through its whole course with some tan- 
gent of the semicircle y = Vl — a?*, is a solution of the considered 
differential equation. Any number of constants may be introduced, 
but it will be observed that only one can be effective at the same 

time, and if the number of constants exceed two, ~ must be truly 
discontinuous. 

93. It is evident that c^, c^, may be taken as great as we 
please in (92). Further no objection can be made to the work 

of (92) on the ground of Vl — a?" being truly discontinuous when 



a?=l. For 



n = oo 2n+l 



(1 — a?*)^"*"! can be substituted for it without af- 



fecting the processes. Let us now consider whether the equation 



V^^^^ = -aj 
ax 



admits, when a? = + a, other solution than that furnished by the 
equation (y — 6)" + a^=:a^ 
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Put a* = J* + S", where we shall suppose S indefinitely small, 
Consider the function 



{, /• + « n=oo ^[LLi /• + 

(cx + bJT+7) _+ (6«-aj»)^~+M 



n= 00 2n+l ^+p5+j.Vl+c« 

^ j-oo je/^ — 2co8a + e 

We can connect - , a, 8, - , by equations, so that they may 

bear to each other any ratio we please, and still be all evanescent. 
When x = b + g^, where b+g^<a, or 2bg^ + fS^<^^ which 

will be satisfied i£ g range from zero to^, we have 

2»+l -+00 















2 COS a + 6 
sin adz 



2 cos a + e"* 
= — TTCflrS", if cyS* is finite. 

Let 0^ = a (fig. 10) be the radius of the circle ABA'j OT=b 
the radius of a concentric circle. Draw a tangent to the concentric 
circle meeting the tangent at A in P. We have above an ex- 
pression for the locus of PTT\ Now, P remaining fixed, let 8 
diminish till it vanish : the curve PTT will ultimately coincide 
with PAB, and furnish a solution to the equation 

Ja^-^a? ^ = - 0?. 
It would not be correct to assert that the curve PAB is a solu- 

d'ii OS 

tion of the equation -f^ = . . Calling y the ordinate of 

ABA'y and r} the ordinate of PAB^ the value of (i; — y) when a? = a 



areas 

'o " ^0 



Jo Jo Jb 



and 



P xdx ^ r^ xdx JcF ^^ 



--\ja^-V 



^-a? h a*— as' 

'log(a«-««) 

where a? is any quantity between & and a. 
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J I 

is PA, its general value being zero. Now ^ (^ — y) must be (| 

infinite when a; » a, so that j- is not =-^ , At the same time 

ax ax 

the curve PAB is a solution of the equation ^ = , =, j 

where ^ is a function which is always zero, and 

X x 

J a* —(f> — af J a* --a? 
is infinite. We shall consider this still further in the next Article. 

X X 

94. Let rj^ = ; ^ , % = ; , === , be the equations to 

s/a—ar tja —<l>'-ar 

two curves, ^ being a function of x which is always evanescent ; 

the two curves will coincide for all finite values of 17^, but the 

I 7]dx, I Vi'^} 'will not necessarily be equal. Take for 
Jo Jo 

(f>, for example, the function which is zero till x = h, and then has 

for value (a" — a?*) f 1 i~zrhy *^^^ x=^a, and is afterwards zero. 

Such a function is the expression 

(a^-a^ia^'-b') h=o p-^ sin adz 
7r(a*-J') I j;p-fle"-2 cosa + 6"*' 

even when a becomes = h, provided =- still vanish (Art. 73). 
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Let a = J + S, then 

ocAx 1 ,-z^ — 55, 2JS + S" 



/:-^^-i^^^'»« 



1 2^ 

2aS« - S« 



= - Y 2g log S ultimately, 
which is infinite. 

Or we may proceed thus: 



/, 



*"•*» oxfaj 



=l7SiOTbg,S±S 



» Va»-^-a? 2^ ^ ^2aS,-& 



= i log (2iS + S») ^««+'' + \ log (2aS.- S,«) -^'^^^j 

determine \ from the equation 

8,"'^=^, or S, = flr"vj, 

ra-Hi xdx 
and we have a finite value for / . =., when 8, and 

therefore £^, vanishes. 

95. Be it observed that there is nothing in the two pre- 
ceding Articles which militates against the use of the symbol 

I f\x)dx, even when f\x) becomes infinite between the limits, 

J a 

provided f{x) remain finite throughout, when it always properly 
represents /(J) —/(a). But if our knowledge of a function is 
limited to this, that we only know that it coincides in value with 
another function whensoever that function is finite, then we are not 
able to assert that its integral coincides in value with the integral 
of the other function, when the infinite value occurs between the 
limits between which the integration is taken. 

We shall find that functions like 



rx+s 



2 cos a + e"* ' 
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a . 



/. 



where ^ is zero, are of frequent occurrence in problems solved 

by Calculus of Variations, as we shall solve them. A not truly 
discontinuous function which is generally zero, but for a particular 
value is not so, will be represented by I(x). It is evident that 

b 

l{x)dx = 0, when I{x) is never infinite. Also W{x) will 

represent not truly discontinuous functions generally constant, but 

dW(x) 
having diflferent values. It is clear that , ^ ^ =/(«), where 

I{x) is sometimes infinite. 

96. Suppose that it is required to find what function y is 
of x, when, J" being either + or — , 



(^-*v^+(iy=^«^- 



If a conic section, whose transverse axis is 2a, and eccentricity 



, roll along the axis of x, its focus will trace out a curve at j 

every point of which the relation 



\dx) 



'dyy _ jay -{y*- by 

(f - by 



is satisfied. (Jellett, p. 364, he ascribes the construction to De- 
launay.) 

dii 

The constmcting conic section will be a hyperbola if -^ be 

ever infinite, which will occur when ft* is intermediate to 

(V^^TP + a)^ and (V^M^-a)», 

ft' . 
i.e., when ft' is +, a parabola when a is infinite, and — is finite, 

and an ellipse when -^ is always real and finite. When ft' 

vanishes, the conic section becomes a terminated straight line when 
a is finite, and the curve traced a succession of semicircles. 
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When the describing conic is a hyperbola, (as ^ j* must be 

+ ,) the rolling hyperbola must turn round the ordinate through the 
focus, when its asymptote has rolled into coincidence with the axis 
of a:, before rolling further (fig. 11). 

Thus, if a hyperbola roll on the under side of the axis of a:, so 
that the nondescribing focus describe the curve H^H^H^ the de- 
scribing focus will trace the curve S^S^S^; and, before it proceed to 
describe another period, the hyperbola must revolve round the 
ordinate NS^y tiU its focus come to jff/. Otherwise^ {i.e. if the 
other branch of the hyperbola roll on the axis of x,) we shall have 

a curve wherein o^., is — . 

Now, if at any point in the periodic curve S^S^S^S^y -^ change 

sign, our differential equation will still be satisfied. Also if, when- 
ever y' has its maximum value, the ordinate retain a constancy 
value for any distance. 

Thus in the curve (fig. 12), wherein y is constant from S^ 

to 8^y and -^ abruptly (being truly discontinuous) changes sign 

f-^ and y being falsely discontinuous j at fii, Si, iff,, the 

relation 

is satisfied. 

Now, by Fourier's theorem, we can obtain an expression, 
. / *.N At • 2 (a? + ^) TT , . , . 4 (a? + f ) TT . 

, , , . 2r ( a; + g) TT . 
+ J./8m — ^ , h ..., 

which shall coincide in value with the value of 



v/; 
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thnrag^ont the cmre S^S^S^^ and also an expiesnon for y of the 
form 

wherein all the coefficients A^\ A^^^.A^, A^, are finite. This 
being done the expression for \il^^^')^\ ^ ^® carre S^S^...89 
will be of the form 

i{+*-(»+«/*++(«+{j/^+«/*++(*+fj/^' 

and similarly for y. It is to be understood that f^, f,, ... must be 
so chosen that f -^ J (^ — i*)* is not truly discontinuous. 

Similar considerations apply to the loci wherein 



-{y'-h')y/i + {%J=^ 



is satisfied. 



In the particular case of i* = 0, not only the constancy value 2a, 
but also the constancy value 0, for y^ will satisfy 



^\/^^=^- 



So that the curve, (consisting of arcs of circles with centre on 
the axis of x and radius 2a, when y* =t= 2ay,) (fig. 13) is one solution, 
and its equation can be, in like manner, expressed. 

The expression for y in terms of s is simpler than that in terms 
of X, For the simplest locus it is, within limits for 5, 



s — a 



y"=2a*+ 6*- 2a V^a" + ft* cos 

a 
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97. Supposing ft* + , and no true discontinuity in ^, the 

greatest distance between successive cusps, obtained by varying J, 
in the curves of (96) will be 4a, and the least distance 2a, Also 
the problem of drawing such a curve so as to pass through two 
given points often admits of more than one solution (fig. 14). 

Select the coordinate axes so that x vanishes when -r^ vanishes. 

ax 

Then the curves will be symmetrical with respect to the axis 

of y, and 



Jy 



So that, the distance between the cusps being (, 

> V4ay-(y»-jy ^• 

Let ± ;t^ = — cot ^, so that ^ — 6* = 2atf sin 0, 



f-/, 



dx 



(y — a sin ^) ^ — ay cos ^ = 0, 



^ Jo Va«sin»^+6» Jo Va*sin*i^ + J» * 

The least value of this is 2a, and the greatest 4a. Also ^ 
decreases as b^ increases, for 



db' Jo (a'sin«<& + y)»' 



(a' sin* ^ 
which is — and finite when h is finite. 

It follows that the curve which is the locus of the cusps cuts 
each curve in more than one point, as is represented in fig. 14. So 
that if any curve of the series be drawn, other than that for which 
i = 0, another curve of the series can be drawn through its cusps. 

The radius of curvature throughout is o^, , and so the semicircle, 



re ™<.o. ™^ .™. ..™™. .„^o». . 

obtained when 6 = 0, has the peculiarity of a falsely discontinuous I 
radius of cunrature^ its value being 2a at points finitely distant 

from Ox, and --- — when v" = cJ". 

98. The nature of the curve of cusps in (fig. 14) is such that 
f cannot be expanded in a series of powers of J. For 



Jo '/a* sin' d> + b*^ Jo Va* <*» + 6* ' 



therefore, >llogg + y^45 -llog^. 

And p <^ ^{^ d<t> ti B(^<f>d<f> 

Jo Va'sin'^ + ft* J;^ Va'sm*0 + 6» Jo V(a''-6')taii'^ + 6*' 

IT 

therefore, < I . ^ j == 



*w=vH'W'*^)-'^^}- 



So that, ultimately, 

^'=0 - 1 rl d^ _ 1 

log* Jo Va'8in'^ + 6"~"«' 

Again, y (V^"sib?"^TP - a sin <f>) d<l> 



JO 



2 6'<a^ 



Va* sin' + 6* + a sin ^ 
( 2^a»sin«<^ + |" I 2y^a'sin'<^ + ^* 
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For 2a'sin*^ + i*+2a8in^Va'8in'^ + J*<4a"sm*^ + 25*, 
and is >4a*sin'^ + y. 

So that, nltimatelj. 



2 / * (Vo* sin" ^ + J*) <?^ - 2a 



-6* log 6 






and, therefore, ultimately = - . 



So that 



^=^ g-4a ^ 1 _ 2 ^ _ 1 
— 6' log 6 a a"^ a 



99. In (fig. 14) another curve is drawn more remote from the 
line, x = 0, than the line of cusps. It represents the locus of the 
nltimate intersections, obtained by varying 6, of the curves 



J 1 



a+Va»+6« {y'-V^dy 



V4ay-(i/«-6y' 
Now (97) the equation to this locus may be written 

[^ ay sin 6 d6 [2 a^sm^SdS 
i^Va'sin'^ + i' ;^Va»sin> + 6^ ^' 

giving 

dx ^ fa a'& sin' <^ (^ | a' sin' <ft • 1 —J 

'"db^']^ (a'sin"0 -t- **)* " Wsin^TP ^^^^'^j aycos^' 

For y" — i* = 2ay sin ^, 

^ — fa a*6 sin' <f>d<l> 6tan<^ 

''• "36""""j^(a'sin'^ + 6*)* Va'sin'^ + ft'' 
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and the elimination of h^ ^ between 

fa a'ftsin'^rf"^ 6tan^ 

y^— V= 2ay sin ^, 

will give the locus of the ultimate intersections. The above in- 
tegral can be leduoed to a more recognizable form bj observing 
that 



d I sin <^ cos ^ \ cos'c^ 

5$ Wa'sin" 6 + b^)^ Va'sin' A +^ 



^ + 6V Va»8in> 

_ (a*8in*<^ + &*)(co8*^ — sin* ^ — cos* <^) — a* sin* ^ cos* <^ 

(a* sin* ^ + 6*)* 

_ g* sin* <f) + b* sin* ^ 
(a*sin*^ + J*)» ' 

It must not be supposed that this locus will satisfy the different 
tial equation obtained by differentiating^ I being constant, 

becaose it satisfies a first integral of that equation, viz. : 






V»'+«^-;;^ s^-f+ 



2ay 






It will be found on investigation that the differential equation 
obtained from this last will assume the form 

jtf{f2y-^i^)|^ + -^o^.f 1 + 1^-1 = 0, 



FUNCTIONS WHICH SATISFY DIFFERENTIAL EQUATIONS. 79 

where -^^p, and the locus of the ultimate intersectioiis which we 
have investigated will satisfy Jf = 0, 

100. When J* is — , the constructing conic is an ellipse ; the 
curve traced bj its focus will be concave towards the axis of x 
when y*>— J', and convex when y*< — J*. K we select the 

coordinate axes so that x vanishes when ^ vanishes, we can 

ax 

find, as in Art. 97, the locus of the points for which -7^ vanishes, 
— 5' being supposed to vary. In &ct its equation will be 









To simplify this, assume 

2' — y* = 2« ^/a" — y* sin-^. 
When z^a + Ja'^y^f sin'^ = l; when -8f = y, sin-^sO; 

and {z — Ja^ — j^ sin-^) TZ^^'J^'^lt cos*^, 

z-^Jd^—j^ &ia'^ = Ja* siof '\^ + 1^ cos*-^, 
(a'+y*)*==4i5'(a*-y^sin»^ + 4/«» = 45*(a"sin*^+y»C08"i|r), 

So that 

__ ri2zja? sin'-^ + y* cos*-^ z Ja^ — y* cos ^ , , 
Jo 2zJ{a* — y*) cos"'^ Ja* sin'^^+y* cos*-^ 

W IT 

= 1 zdy^=\ is/a* sin* -^ + y* cos' -^ (?^ + Va* - y*, 
Jo ./o 

This will give 

dx ^ r^ y cos' -^rf-^ ^ y 

dy Jo js/a' sin"'^ + y* cos'-^ V«*-y*' 
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Now if we trace, for a particalar value of /8*, the locns [ - 



vanisliing when x Tanishesj, (fig. 15) , 



since when y = ^, ^ = - V^"^' 

for y diminishes as x increases, x being positive. 

So f-i-j is less in the locus of the points for which -^ 

vanishes than it is in the curve meeting it. And, for the same 

value of y, an increase in fi diminishes i^] • So consecutive 
curves of the series, 

intersect for some value of x lietween zero and 






So they will lie as represented in (fig. 15), where the locus of 

ultimate intersections, and the locus of the points at which -^^ 
vanishes, are both drawn. 

The reader will find no difficulty in establishing, for the case of 
b* — , propositions similar to those which we have, in Articles 97 to 
99, established for the case of b^ +. 

This subject will be further considered in the Appendix. 
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CHAPTER IV. 



OF MAXIMA AND MINIMA. 



101. If a real value can be assigned to r such that, althoagh 
f^x+r) is not equal to /(a?'), yet /(«' + r cos ^) —/(«') has the 
same sign for all real values of 0, then /{x') is said to be a 
maximum when that sign is negative, and a minimum when that 
sign is positive ; and f{x) is said to have a maximum or a mini- 
mum value, according as that sign is negative or positive, when 
x = x\ 

It should be observed that, if /(a?' + r cos^) is imaginary, or 
constant in value, for some non-evanescent value of r^f{x) being 
real, then f{x) may be considered to be both a maximum and a 
minimum. For distinction we shall call f(x) an isolate, or a 
conjugate, value of f{x), when /(a?' + rcos^) is imaginary, and 
we shall call f{x') a constancy value when f{x + r cos 0) —f{x*) 
Vanishes ; r being some non-evanescent real ratio, and 6 having 
any real value. 

102« In like manner if a real value can be so assigned to 

r that, although /(^/ + r, a5,' + r, ^n+r) is not equal to 

/(^i'> ^s'j • • • O > y®* /(^/ + *• cos ^p x^ 4- r cos ^j, . . . a?»' + r cos 0^ 

—/(a?/, 0?,', xj) has the same sign for all real values of 

0j, 0^ ... 0^ then y*(aj/, a?,', ... a?/) is said to be a maximum 
when that sign is — , and a minimum when that sign is + ; and 
fip^v ^s* "* ^m) ^s s^^^ ^0 have a maximum or a minimum value, 
according as that sign is — or +, when x^=x^\ a?j = a;,', 

w. 6 
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These functions can haye isolate valaes, or constancy values, i 
in like manner precisely as functions of one independent vari- 
able can. I 

103. If, for a particular value of a?, f{x) is truly discon- 
tinuous, its then value may be a maximum, or a minimum, or ' 
both. Such values should be always separately examined, to see | 
what their nature is. 

But, whenever f{x) is not truly discontinuous, the equation 
in &r, 

will have among its roots a root which, as hf continuously changes 
from zero, will continuously change from zero, always for one 
sign of hf, and generally whatever sign Sf have. If there is no 
such real root when hf is negative, f{x) will have a minimum 
value, and if there is no such real root when hf is positive, f{Qc) 
will have a maximum value. 

104. When, at a particular value of a?, f{x) is not truly dis- 
continuous, both {/(a? + Sx) — /(a?)} and {/(a? — Sa?) — /(^r)} con- 
tinuously change from zero as hx continuously changes from zero. 
The test of Art. 103 requires that they both have the same sign 
initially when f[x) is a maximum or a minimum. Now the 

f(x)''f(x—Bx) 
initial value of *^-^-^ — 4^ —f\x — Sx), and the initial value 

So that /'(a? - Sa?) and /'(a? + So?) have different signs ini- 
tially, changing from + to — for a maximum, and from — to + for 
a minimum. This cannot take place unless f'{x) is zero, or truljr 
discontinuous and changing sign, for that particular value of x. 

105. Whenever /(a?, y) is not truly discontinuous, the simul- 
taneous equations in So?, Sy, 

/(a? + Sa?, y + %) -/(a?, y) = S^, 

tx — kZy = 0, 
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ivill have, among the systems of real roots which solve them, 
e system such that, as Sf continuously changes from zero, both 
&? and Sy continuously change from zero, whatever positive or 
negative ratio k be, always for one sign of Bfj and generally 
"whatever sign Bf have. If there is no such system when Bf is 
positive, f{x, y) will have a maximum value. If there is no such 
system when Bf\s negative, /(a?, y) will have a minimum value. 

Now, whatever value k have, the initial value of 



f{x, y -\r By) -fix -Bx, y + By) ^ 

Bx 



dx * 



and the initial value of 



f{x-\Bx-Bxy y + By)-f{x + Bx, y + By) ^ 

— Bx 



X=4y+to 7/»/ \ 

,^,^i, df{x,y) 
dx 



So that -^ - changes sign, from + to — for a maximum, and 

from — to + for a minimum. It must, therefore, be zero, or truly 
discontinuous and changing sign, for these particular simultaneous 

values of x and y. In the same way it can be shown that -,- 

changes sign, and is, therefore, zero, or truly discontinuous and 
changing sign. These conditions require that, and are satisfied 
if, for all values of A, 

df Bx df By dx dy 

change sign as x^ y, pass continuously through their particular 
simultaneous values. 



106. When f{x, y) is truly discontinuous, there are, in 
general, signs for Bx and By, and limits between which k lying, 
the simultaneous equations in Sxj By, 

/{x + Sx, $f + By)-/{x,y)=Bf, 

Bx — kBy = 0, 

6—2 
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have among the systems of real roots which solve them a system 
such that, as Sf continuously changes from zero, both Ssc and Sy 
continuously change from zero. For these signs and limits the 
method of Art 105 must be satisfied, and in every individual case 
we must examine whether for other signs of Bx, iy^ and other 
values of A?, we can obtain initially 

[f(x + Zx, y-\'By)-f{po, y)] 
positive, or negative, or both. 

107. It will be readily observed that, for any number of 
independent variables the plan pursued in Art. 105 will give 
similar tests for maxima and minima. If there are (n + 1) inde- 
pendent variables^ we have in general to investigate the existence 
of a system of roots continuous through zero for the (n + 1) simul- 
taneous equations in hx, Sy, Bz, 

Sx + JcJSy + + IjBz = 0, 



Bx + k^By + • + IJSz = 0, 

and shall find in like manner that 



Vi 



1 (df,^ df df\ 



changes sign tA x,y,.,.z pass continaoosly through their particalar 
simultaneous values. It is obvious that 



1, 
1, 



l. 



1, 



L 



+ /*. 



h 



I. 

I. 



^»> 



I. 



= 0, &C. 



108. We will now give illustrations of Arts. 101 to 107. 

Ex. (Todhunter, Differential Calculus, XIII. Ex. 27.) "A 
person being in a boat b miles from the nearest pointof the beach, 
wishes to reach in the shortest time a place c miles from that point 
along the shore ; supposing he can walk u miles an hour, but pull 
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only at the rate of v miles an hour, where v<u, required the place 
where he must land." 

^B = J, AQ=:c, AP= X, where P is the place where he must 
land (fig. 16). The time of journey must be a minimum. Now 

time of journey = < = 1 — ^^ — , 

dt X c — x 



and is truly discontinuous when x = c, and may vanish when 
or ar==-i 



tt'-t;*' 



If c 18 + , and < . , J- is — from a: = — oo till a; = c, 

V tt —if cLx 

when it changes from ( — , — ) to ( — 7= + - ) abruptly. 

That is, tr = c makes t a minimum. 
In this case he must land at Q. 

If c is >-7===r, T- is — from aj = — 00 till a? =-7= , > when 

it vanishes and changes sign, never changing sign again. For 
when 05 = c it changes abruptly from one + value to another + 
value. 

In this case he must land at P, where -4P= . 

The case of c — need not be considered. 

109. Ex. To find when y is a maximum or a minimum, when 

1 1 

y = (cos a? + V — 1 sin a?)* + (cos a? — V — 1 sin a?) *. 

We will confine ourselves to the case when n is odd. 

We will first say a few words as to the meaning of the above 
expression considered as expressing a function (Arts. 6, 7). 
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All the real roots of the equation af ^a*, being determinate 
when n is specified, are functions of n and a: they are two in 
nnmber, one -f and one — , when n is even, and one in number, 
which is + 1 when n is odd. Consequently only one real root of 
the equation a^ = a* is an interpolation between real roots of the 
equations a;*^* = a*, and a;*"* = a\ So this real root is more worthy 
of having a symbol aasigned to express it than any other of the 

roots. In accordance with usage we represent it by ^a^, or 

(a'/, bearing in mind that the latter symbol could not, without an 
abuse of symbols, be employed otherwise than to express a func- 
tion which satisfies the equation a^ = a*. 

From this we readily obtain the meaning of the function (a*)*, 

m 1 

whatever ratio b be. (a*)" is the m^ power of (a*)", and {c^)\ when 
I is incommensurable, has the meaning which interpolation assigns 
to it. 

So that 1^= 1, whatever real ratio h be. 

Again, the equation a^^^ — a* has no real root when n is even, 

and only one, which is — , when n is odd. The symbol (— a*)" 
could not, without an abuse of symbols, be employed otherwise 

than to express a function which satisfies the equation, a?" = — a*. 

1, 

Similarly — (— a*)" should express a root of the equation, 

aj" = -(-l)"a'. 

Now the imaginary roots enter an equation, like a;" = — a', by 

1 

pairs, and no symbol corresponds to (- a'^)", when n is odd, so as 
manifestly to be conjugate to it, and also satisfy the equation, 
a?* = — a\ Also a real root of an equation is more worthy of 
having a symbol assigned to express it than any of the imaginary 

roots. For these reasons (— a')** is conventionally used, when n is 

odd, to represent the real root of the equation, a;" = — a\ 

1 1 

And, when n is even, both (— a*)** and — (— a'j" should repre- 
sent a root Let n = 2'/w, where m is odd. Then should 

{- (- a?}" = {+ (- «*)¥' = {(- o^¥" = (- «*)"• 
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And this will always enable us to determine which two roots shall 

be represented by + (— a*)* and — (— a')*, but which will represent 
'which of the two will still be arbitrary, but practically settled by 
a convention, to which we are led by the principle of simplicity. 
This convention decides that 

+ (-l)* = cos^ + V^sin^, 

4 4 

these roots having a more positive appearance than any of the 
other roots of a?* = — 1, or o:^ = — 1. 

Bearing, then, in mind that if equals be raised to equal integral 

1 

powers the results are equal, it is easy to see that (— 1)*, and also 

(—1)*, can be expressed always in the form (—1)^. Thus for 

instance 

2r ar+i 

(-.1)2*+! =1, (-1)2*+1=:,«1^ 
2r+l 



(— l)2'(2»+i) is a root of the equation a?^ = — l, all whose roots are 

1 8 2'-l 

contained in the forms (—1)^', (—1)^, •••(—!) ^ > and the same 
forms with their signs changed, so that there is some integer, m, 
such that 

_2r+l_ fm+1 2nn-l 

(«1)2'(2*+1)=:J.(«1) 2* =(_1) 2f ^ 

according as m is restricted to be < 2*"^ or < 2\ 

So also + (+ V^)2^i = (- 1)2^ = (- l)*" = + (- V^)2^; 

2r-fl 2r+l 2r+l 2r+l 

+ (+V-l)2*+l = +(-l)2(2«+l); +(->/:n:)2*+l = - (-1)2(2*+!). 

2r+l 2r+l 



+ (4- V - 1)2'(2«+1) = + (- 1)2^* (2«+l) J 
2r+l 2r+l 6r +3 

+ (— V - l)2'(a»+i) = + {(- l)l}2'{a«+i)=s + (_ ly^Hii+T) ; 
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+ (+VrT)A=(_i)A = {(_i)V|4^(_I)V. 

+ (-V~l)^={(-l)'}^=(-l)^ 
+ (+V^)4=(-l)A={(_l)^}l=(_l){=._(_,)l. 

+ (_V^)l=(_l)t==_(_l)i 

Further, the meaning assigned to the symbol, 

«— — — 
(cos X + V — 1 sin a?) *• , 

should be consistent with the above conventions and with itself, 
and should therefore have the same meaning as the symbol, 

{cos (2r7r + a?) + V^l sin (2r7r + »)}*, 
and also the same meaning as the binomial expansion of 

(cos X + V — 1 sin a?) *, 
when that expansion is convergent. 
Now the expansion of 

(1 + V^ tan a:)^+ (1 - V^ tan a:)" 
is convergent whenever tan'a:<l, and divergent whenever tan'a?>l. 

When tan' x=l, the series is convergent, i.e. the expansion of 

(i + V-i)" + (i-.V-i)'* 



m . 



is convergent when — is positive. For the factor 

n * 

r(r+l) 

is — , if r be taken large enough, so that ultimately the terms 
alternate in sign, and 

1 ^U /'"W"^"^ A /5 (g-l)...2 .1 .1.2...(^-1)A * 
I 1.2...r j "^V 1.2. ..r J' 
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where a is the integer next > — , — being +, and t the integer 

next greater than [ r 1 1 , so that 5 + ^ = r. Now 

«(*-!) ... 2. 1 



(< + !)(< + 2) ...r 



can be made less than any assignable quantity by taking r large 
enough. Hence the convergency of the series. 

First, suppose x range from - j to + j . Then our conventions 
require that 

m m m 

(co8a; + V — 1 sin a?) * = cos* a; (1 + V— 1 tana?)*, 

(cos a; — V — 1 sin a?)* = cos* a; (1 — V — 1 tan a?)*. 

For they must both be equal to unity, when a? = 0, and both be 
identical with the equivalent binomial expansion, until x obtains 
such value as makes that expansion divergent. 

Secondly, suppose x range from + t to + — . 
Then our conventions require that 

m 

(cos a? + V — 1 sin a?) * 

— wt 

= ^cos I + ^^^ sin jj jcos (« - 1) + V^ sin ^aj - 1)1" 



m 



= (- l)S{co8 (x-|:) + V3T sin (a,-|)}". 

Thirdly, suppose a? range from + -7- to + -— . Then 

4 4 



m m 



(cos a? + V - 1 sin a?)*= (- 1)* {cos (a; - -tt) + V - 1 sin (a?- tt)}*. 
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Again, suppose x range from — 1" ^ "" J * ^^^^ 

m 

(cosaj+ V — Isina;)* = [cos -^ + V — 1 sin -—) 

Icos Taj + ^j + V^sin ^o; + jU 

= (- l)^|co8 (« + f ) + V~l sin (« + I) J" , 



and so in like manner in other cases. 



There is true discontinuity whenever x passes through an odd 



multiple of — . This corelates with the circumstance that the 

expansions of (1 + V — 1) " and (V — 1 + 1) * by the Binomial 
Theorem have diflferent values. Thus 

(1 + V"^)* + (1 - V"^)* 

( 1.2 ■•" 1.2.3.4 •••) 



and, being + , = 2* cos — ; 
whereas 

(V^ +1)*+ (- V^ + i)i=-ViT(i-V^)*+VlT(i+Vi:T)* 



I 3^ 1.2.3 •••/ 



which, lying between and - -, =- 2* cos — . 
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To recur to our Example. We have, n being odd, 



1 



(cos I + V - 1 sin I)" + (cos I - V - 1 sin |)*= (- 1)"+ (-1)^= 0, 

1 1 

(cos TT + V — 1 sin tt)* + (cos tt — V — 1 sin tt)** = — 2. 
So that 

TT* 'TT iJ* 

from a; = — 7 toa?= + T, v = 2cos-; 

4 4 n 

„ TT ^ Stt ^ (ti — l)7r4-2a; 

from a; = T toa?=~, ^=2 cos-^^ , 

4 4 "^ 2/1 ' 

(7i+l)7r — 2a? ,. w — 1. w + 1 

or 2 cos ^ ^ , accordmg as — ^— is even, or — —— even ; 

- Stt ^ 57r _ TT — a? 

from a; = -T-toa?=--7-, ^= — 2 cos • 

4 4 w 

From this it appears that a? = makes y a maximum, and a? = tt 
makes y a minimum, and the first and last points of the branch 
cutting the axis of x are respectively a minimum and maximum 

when — - — is even, but not when — ^— is even. This is readily 

seen on tracing the curve, which we do when w = 3, and w = 5 
(figs. 17, 18). 

4 
^^= 2 COS ^ ; ^1^= 2 cos ^ = CH"; 

Ai:' = 2coa^; Ar^icos^^ OH'. 

110. Ex. It is required to determine the maxima and minima 
values of those functions of w which, when substituted for y, satisfy 
the equation y^ — 3ay' = x\ 
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The carve is traced, fig. 19, 

the ordinate of i> = - . 

In solving the equation, we find 

(y-a)*-3a"Cy-«)-2a"-aj' = 0, 

whence the three roots, viz. : 

y.=«+ — 2 (2-;+ — 2 — [-TJ' 

where p = 2a' + x\ 

j = (2a" + a;')" - 4a* = 4aV + a?*. 

The function y^ is real always, and consequently applies to the 
branches QR and BP. So it must have true discontinuity some- 
where. Art. 109 proves that this may take place at the points 
whereat the series of which y^ is the envelop becomes divergent 
This is confirmed by the fact that, when 2a* + a:' = 0, y^^a, a 
point in the branch OB, 

So that when x is between the real roots of the equation, 

(2a' + xy = 4a' « (2a» + a?)\ 

%,e.y when of lies between — (2 + V2) a' and - (2 — s/2) a', y^ is the 
ordinate of the branch OB^ and is a maximum at one end, and a 
minimum at the other. For other values of x^ y^ is the ordinate of 
the branches Q8\ 8P, and has no finite value which is a maximum 
or a minimum. 
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Again, when V — y is small, we have, expanding according to 
ascending powers of V — j, 

-»-(I)*-<-'>''-')*t"(I)"'(^)'-" 

=-«-©'-(-')'i(-.)¥f(r(^)'H-- 
=«-(f)'+- 

So that, near B, y^ is the ordinate of the branch R8, and near 
is the ordinate of the branch OD. 

When ^ «= 0, we have 

-«-(-i)l(-i)'Vs(0)'..+V5(^)'. 

We conclude that y, is the ordinate of R8 and points on OD 
near 0, and has a minimum value for the points R, 0, and a 
maximum for the point S. In like manner y, is the ordinate 
of 08' and points on RO near R, and has a maximum value for 
the points R, 0, and a minimum value for the point 8\ 

111. Ex. It is required to determine the maxima and minima 
values of the z ordinate of the outside sheet above the plane of xy 
of the surface, 

For that portion of the surface, and for none other, 



y«=«+ 



94 OF MAXTMA AND MINIMA. 






dx ^•^■^Va^+y 

dy ^ Va;*+y* 

And when a? = 0, y = 0, z = dyWG have 

j^dz dz 
dx dy __ akx + ay 

which always changes sign, being then truly discontinuous, as a?, y, 
pass through zero for their particular simultaneous values. There- 
fore z = d\A2k minimum. It can be shewn that 2; = 0, given by 

is another minimum, and z = Va' + (^ a maximum. 

112. Suppose that, for all values of x between x^ and x^y y 
and its derived functions are such that in the equation, 

(wherein Sy is the unknown quantity, and Bf is any function of x,) 
f[^>y>zj 9 ••• -7-^) has real value. This is a differential equa- 
tion, satisfied by Sy = 0, -=^=0, .... ";7-ir=^> *^d which will in 
general have many systems of real solutions. Of these solutions 
there will in general be at least one in which Sy, —^ , ... conti- 
nuously change from zero as Bf continuously changes from zero, 
whatever be the form of Bf. 

In such a solution By, -r^ , ... may be, as x changes, truly- 
discontinuous, but must be such that, for a given value of x, they 
are not truly discontinuous functions of the other variables in- 
volved, such as those which enable Bf to vary in form. 
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If, when y, t^ , ... ^-t> ^^^ particular functions of x, whether 

truly discontinuous or not, the above equation has, when S/* is a 
function never having a negative value, no such real solution, 

then y, -^, ... -j-^ , are said to be those (truly discontinuous if 

necessary) functions which render /(a?, y, ~, ...) a maximum. 

It is obvious that their value must be sought by the methods of 
Arts. 105 to 107. Such a maximum we shall call a broken 
maximum. 

If when y is a particular not truly discontinuous function of x, 
the above equation has, when 8/ is a function never having a 
negative value, no such real solution such that Sy is a not truly 
discontinuous function of x, then y is said to be that not truly 

discontinuous function which renders /(a?, y> -r- * **') ^ maxi- 
mum. Such a maximum we shall call an unbroken maximum. 

If in the preceding, 'positive' be substituted for * negative*, 
and 'minimum' for 'maximum', we obtain definitions for 'a 
broken minimum' and 'an unbroken minimum.' Functions, when 
they are both maximum and minimum, may then be functions 
either constancy or isolate in value. 

113. Observe that, if neither y nor hy are truly discontinuous 
functions of x, {y + By) is a not truly discontinuous function of x; 
and that if only one of the two functions, y\ By, is a truly discon- 
tinuous function of x, then (y + By) is a truly discontinuous func- 
tion o{ x; and that if both y, By are truly discontinuous functions 
of X, then (y + By) may or may not be a truly discontinuous func- 
tion of X. 

114. It may happen that -^, -^-f , ... -j^, are some of them 

truly discontinuous functions, although y is not so. In this case y 
will always have false discontinuity, provided the truly discon- 
tinuous derived function is finite. So in like manner, -j^ * 

ax ^ 
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-0^» ... "^^ i naay some of them, when finite, be truly discon- 
tinuous^ although Zy is not so. In this case hy will hare false 
discontinuity. But always, both in truly discontinuous and in 

other solutions, Sy, -r^, ... -^^ must each one of them continu- 
ously change from zero, as if continuously changes from zero, in 
the solution of the equation of Art. 112, there contemplated. 

115. When the condition of Art 112, viz. that the equation of 
that article has always one real solution which continuously 
changes from zero as if continuously changes from zero, is not 
satisfied; then, if in the equation, 

/{-. .-%'-^. - ^^]-f{'-y'£ - &)-=»/ 

Sy, -~-y ... -T>^, be all taken any functions whatever continu- 
ously changing from zero, if will be zero when they are all zero, 
and must then be truly discontinuous both ways, i,e, be isolate 
in value. In this case the form of/ is truly discontinuous for those 
values of y and its derived functions. Such forms should be always 
separately examined to see what their nature is. 

116. If we express the initial value of 

.- 'T' ^' dx ' da^' '" dar\ -^py' dx' '■' dx") 

dSy 
dx 



bjP. orP.(...y,|,...g) 
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9 

and of 

doT 



byP. or P.(ar,y,|, ...g), 



we tacitly assume that these initial values are independent of the 

particular *fbrm, as functions of a, which Sy, -j^ , ... have, and so 

have the same value as if these forms were independent of x. The 
assumption is readily justified by recognising that, if, for a parti- 
cular form of Sy, any such initial value weye not the same as when 
Sy has the constant value which is the minimum value of the 
particular form, by taking By smaller a different initial value would 
be obtained. So the mode of expression is justifiable. 



117. We have, employing the functions defined in Art. 116, 
the equation 



J/=^('.y.i....^)% 



dy {f*y\ dBy 



+ +pL t/ + &/ ^^^±M <g^(y+%) d'y)d'Sy 

holding initiallj. So that, if none of the fiinctions P„ P^ ... P,, 
are tnilj discontimioas, initially 

8/.«S,+i..§+...+P.^, 
yf. 7 
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andy in like manner, 

4. 4. p L „ ^ ^IV «?• (y - %) ] ^ 

and Bimilarly for «[/{., y + Sy.^^>, ^^^}]- 

Upon the signs of these expressions will depend the distinction 
between maxima and minima. 



118. Supposing/ to contain only a?, y, -^, we obtain from 
the equation. 



my+P^^^Zf, 



dx 



Now if I p- (ir never become infinite, Sf can be so chosen aa 

^J Pi 
to have always the same sign, and that — p — Bf be never infinite 

even when P^ vanishes. In this case a not truly discontinuous 
value will always be the value given to 8y in the above equation. 
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But if I -p- cJo? become infinite, the limits should be so chosen 

as not to include between them values of x for which this occurs. 
We may do this when x^\ x^ are successive values of x for which 
this occurs, by expressing iy thus, 



■'f -'•1 



where x ranges from x^' to x^, and f^ is intermediate to these 
values. 

This equation shows that if both e ** * and e ^^ ^^ 

are infinite, which will not be the case unless p-, -jj have 

opposite signs, it may be impossible so to select f, f^, Sf that 8y 
be finite both when x=^x^\ and x = x^ (Sf never changing sign), 

otherwise than by supposing that Bf= throughout, and -~ is finite 

at the points corresponding to xj, x^. 

In such a case we may expect to find an unbroken maximum 
or minimum. The nature will be determined by investigating 
what the eflFect of an indefinitely small change, at the points cor- 
responding to x^y x^y is. 

Again, if two portions of a curve form unbroken maxima or 
minima, and if in the portion which joins them P^ never change 

sign, and I -p dx never become infinite, hy for that portion cannot 

vanish twice without vanishing altogether, and we shall have in 
the falsely discontinuous curve formed by the three portions an 
imbroken maximum or minimum. A particular instance of un- 
broken maximum or minimum may obviously be expected to occur 

whenever I fix is a maximum or a minimum. 

It is manifest that if a portion of a curve which is an unbroken 
maximum joined on to a portion of a curve which is an unbroken 

7—2 
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minimum, the combined curve would be both an unbroken maxi- 
mum and an unbroken minimum. It would be not appropriate to 
Bay that such a curve gave an isolate or a conjugate value to the 
function/. For in all cases, except when the broken maximum or 
minimum happens to be unbroken, by allowing /to have change of 

sign, the equation, NSy + F^ -^ = S/J can be so satisfied so that hj 

have any not truly discontinuous value we please. 

119. Generally we have to consider whether the equation 

can be satisfied, when hf is invariable in sign, so that hy is not 
truly discontinuous. If this cannot be done in any particu- 
lar case, that case may be expected to present an instance of a 
maximum or a minimum. As before stated, a broken maximum or 
minimum may often be expected to be given by the ^system 

Jf=P, = P, = ...=P^=0. 

If y only be required to be not truly discontinuous, we may in 
many cases put , 

P =P = =P =0 



^H-P.f.S/. 



and proceed as in Art. 118. But if the solution of the equations 
Pg = P, = ... =P^ require y to be truly discontinuous, the method 
will not succeed. 

If it be required that a particular selection firom 

dhy <PSy drdy 

dx' da?' •'• dx"" 

should be not truly discontinuous as well as 8y, we might proceed 
by equating to zero as many of the expressions N, P^, P,, ... P,, 
as the circumstances of the case permit, leaving a linear difieren- 
tial equation, upon the possibility of whose solution would the 



— 1 
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criterion of a maximum or a minimum depend. A problem so to 
be solved might be convenientlj expressed as follows* 

It is required to find the values of N j yda?*", ... y, ... -—^ when 
has a maximum or a minimum value, wherein 

£ being a continuous constant : it being understood that, for all 
other differential and integral coefficients of y, ^ maj be a trulj 
discontinuous constants 



120. Ex The function 



^Hi-'T 



has a broken minimam ralae when 

•=0 



y = 



"" 2{x-a) 2 (a; -2a) - 2 fa;--) 

_ giV(a! + o)« a&V(a; + 2a)« '^Wv'^t) 

2(a! + a) 2(a; + 2o) - 2(0; + ^) [' 

dx "' 

where c is s finite constant so chosen as to be a multiple of a*. 
(Vide Art. 87.) Figure 20 represents, for a small value of a, the 
curve whose equation is above given. 
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To determine whether a particular value of y renders 

an unbroken minimum, we must investigate whether the differen- 
tial equation 

where if is never + , admits of a solution, wherein y is not truly 
discontinuous, for any such form for if. 

If we take 

y- e» + e-» ^*' dx~ e»+e-» ' 
a being supposed to range from — A to + A, we have 



-.-li'-l 









— k\ •> 



Phas always the same sign, and is — : so that 

e 



^_-^o,-P.f§^^_ P-(K-^^ 



dP 
Now N— ;?- = Ar, so that 



ay=-e"-^f-H"«-^'^'^s/fo, 



as P vanishes when x = •\-h, and when a? = — A, if ^ never 

change sign, either e ^^^ or « ** vanishes, and by taking 

S^= — */N*Sc*y we obtain Sy = ± Be, —■ = 0, the sign being chosen 
so that y and By have opposite signs. 
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Bat if N change sign, it must change from — to +> so that 

— / -pdx ia +y and also / , and, as the expression mider I does 

not change sign, By must be tmlj discontinuous, unless Bf always 
zero. 

We infer that if the curve AB (fig. 21) lie entirely on one 
side of the axis, ^ -f ( -^ — 6 ] is not a minimum, for it is through- 
out less in the parallel curve A'B' nearer the axis of a. 

But if it cross the axis, as at (7 (fig. 22), it is in the position 
of an unbroken minimum, for an indefinitely small change in -^ 



at A or B increases y* + (-^ "" ^) • 



If we investigate whether y = 6 sin aj renders 



^-(1-^)' 



an unbroken minimum, we may confine our attention to the range 
from to 27r for x. Now the equation 



/•a? r ainxdof 

r«mxdx I "Ji-ooaof 

By^e^'^-'^'n -^, ,Bfdx 

Ji -(1 — cosa?) -^ 





shows that by assuming, Be being + , 

gy == + (1 — cos x) {x — f ) Sc, 

-^ = + sin a? (a? — f ) 8c + (1 — cos x) Sc, 
we obtain a curve, unbroken, throughout which 

is less than when y =^ sin a?, except when a? = 0, or a; = 27r, when 
it has the same value. We trace the second curve in a few cases 
(figs. 23, 24, 25). 
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y^O will be found to giye an unbroken minimttm when the 
range is infinite, and also when the range is finite, pioyided -j-^l 
at the extremities, A, B (fig. 26). 

Suppose (fig. 27) firom Aio B, 

y- e-« + <r» ■*" ' dx~ e?*»-Ke'* ' 
and from B to C. -J^\a constant, and' from Gio D, 

^■" 6^'^+6-^-* ' £&"' e-^'^ + e-'-* ^ 

ABf and CjDj are unbroken minima, and BO contains* no point 

whereat (^ — i) vanishes. So ABGD is a position of unbroken 

minimum. It is evident from this example that falsely discontinu- 
ous curves without end, and defying classification, can be assigned 
in any particular case, all fulfilling the tests of unbroken minima 
or maxima, whenever simple curves folfilUng the same tests can be 
found. 

Also it is evident that, where- broken maxima and^ minima, 
exist, $.6., wherever the system,, 

JVr=P, = P.= =0, 

points to a maximum or minimum, and the maximum or minimum- 
pointed to is not continuously satisfiable by y, -r^, the exist- 
ence respectively of unbroken maxima and minima may be in* 
ferred. 

121. Suppose it is required to determine the form of the 
function y, so that 



"=/r-^('''2''2'-s)'*" 



be a maximum, or a. minimum. If y, or any of its differential 
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coefficients, as -7^ , may be any truly discontinaons function of a?, 
the lower limit in the equations, 

f'dv. dry ('d^^y J 

may be a discontinuous constant. So y , -y^ , and as many diflTer- 

ential coefficients as may be truly discontinuous, may be regarded 
as perfectly independent of the rest. Such problems merge into 
the problem of finding the maximum and minimum value of 

f*» /./ dz^ de^ ^8 N ^ 

where z^,^ z^y z^^ are independent functions. \Yhen not otherwise 
stated, it will always be supposed that f, f are continuous con- 
stants in the aboYC equations, so that y, 'T'i*** cannot be truly 
discontinuous through £ f being, so, although they may be infinite. 



122. As in Art 117, if any of the functions 

IT P P 

nil CbOS 

are truTy discontinuous functions of y,- -#, ... T-m 






may change in value abruptly,, in consequence of a change in Sy, 
in a manner analogous to what taKes place in our examples of 
Arts. 108 — 111. So if in any case any of the functions, N^ P^, 
P,, ... P,, evince true discontinuity, that case should be sepa- 
rately examined in order to determine what happens at the true 
discontinuity. 
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123. We hare, barring cases of trae discontinuity, 

initially, for all such forms of Sy, -p-, ... -^^ as are initially 
evanescent. So that 

I'. rd-%pp..,_d-^ +r-i^- ^^l 



(fgy /d-'P, d-'P, (TJA 



•>1 I 



dx^*^^ 



dx Vda;"' da;" 






and this must vanish initially when u is a maximum or a minimum; 
for a change in the sign of iy changes its sign. 

Now, Ny Pj, Pg, ... P„, being all not truly discontinuous, the 
same will be true of any negative differential coefficient'of any one of 

them. And if -i~ be taken = 

involve x, all negative differential coefficients of it can be made 
less than any assignable quantity. We must have, therefore, 
initially. 



a=<» 

Zc sin oa?, where &; does not 
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o^il'S^--)^- 



^^d^'-'By fd'^P„_^ 



^« 









»-i^ 



= 



So that 
= 



dx~ 






= 



= 



= 









*t 



dx' 



124. Representing by /, or I(x), (Art. 98), any function of a?, 
having false diseontinuity,. whose general value is zero, but which 
Las other values at particular values, finite in number, of a?, we 
shall have 



ri{x)SXdx^O, 

J OP. 



whatever finite value SX have, and so the equation 









dx' 



dx' 



-'"■'(■-ir^}d.^o 



is satisfied when 



* da;"' '^'""* — ... + \, i; ^^^—j-yx). 



dx' 



dx' 



In differentiating this, a function of the form I{x) should be 
introduced at each differentiation. If, on account of any geome- 
trical interpretation, or otherwise, infinite values for ip^ be con- 
sidered admissible, we must investigate whether such values can 

Idx other than zero, carefully remembering that the 



render 






admission of such values invalidates our method (and every method 
which employs, either with acknowledgment or without ac- 
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knowledgmenty TajWs Theorem) ab iniHo. For it is neoessaiy, 
firom the outset, to restrict Sy, Sp, ••• to such yalnes as are ini- 
tially evanescent. 

125. It should be observed that, since 

-Udafldx-" dar' ^ dx* +- + <' ^> ix^] 

if we refnse to consida infinite values of . ^ or -^^ > admiasi- 
ble, we shall obtain the equation 

The solutions of this equation which are not also solutions of 

will enable us to render / l^AP% , ,^* +.•.](& other than 

zero for values of 8p^ for which -^ is infinite, and will be referred 
to in subsequent Articles. 

It should be borne in mind that, though %, Sp^, ••• Sp« must 
be mitially evanescent, no such initiial necessity applies to ^^- • 

126. In the last three Articles no restrictions limit in genera- 
lity Sy, Spj,.... But if it be required to determine what function 
y must be of on in order that 
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be a maximum or a minimum, when the equations 

• • • *~ ••••••••••••••••••••••••••••••••• 

c^, c^j ... Cf being constants, hold, we must have 

J x^ 

a maximum or a minimum, whatever arbitrary constants \,Xy...Xy 
may be, for all variations consistent with the given equations. 
So r arbitrary constants will be introduced into the equations of 
Art. 123. In general the elimination of these arbitrary quantities 
will reduce the number of these equations by r, which are replaced 
by our r equations 0^= ..., ..., c,.= ... . 

127. It is obvious that oases, wherein 

reduce to cases of Art 121 by assuming 

{JYydaf = Zj which gives 

r*»^f dz d^z] 

128. When y, ^, ... -tK satisfy the equations of Art. 123, 
we shall have, initially. 
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= 1 8/Cy-^)^ suppose, 

N(j/ — Sy)f Piiy — ^)* ••• representing that (y — Sy) is substitu- 
ted for y in N, P^, ... 

It is manifest that, if y, -^, ... are such that 
is a minimum, then 
and 



whatever value Sy, -r^, •.. have initially, provided they conti- 
nuously change from zero, and that Sy, -7-^ , ... as functions of «, 

are not truly discontinuous, it being supposed that y, -^^ ... 
respectively are not truly discontinuous. 

In like manner, when i« is a maximum, 

r{jr(y-Sy)Sy +...}(?«? is +, 

I {^{y + Sy) Sy + . . .} dfl? is -. 

So, excluding all cases wherein any of the Amotions 

p j^ dN dN dN dP^ dP, dPn 
^. ^v - ^n> dy ' dp,' - dp^^ dp,' dp,' '•' dp. ' 
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are truly discontinuous for a value of x between x^ and x^ inclu- 
sive, (which cases should always be separately examined for them- 
selves), it appears that, whenever, Su vanishing, 

is always positive, and can never be made to vanish, u is a mini- 
mum ; and whenever it is always negative, and can never be made 
to vanish, 2^ is a maximum : U By, Sp^,.., can be so chosen that its 
sign is not invariable, u is neither a maximum nor a minimum : in 
the case wherein it can vanish, although it cannot change sign, the 

first of the expressions I (-T^B^+''Adx, I (-^Sy^+..Adx...f 

which does not vanish must be examined, provided no truly discon- 
tinuous functions occur. 

We may suppose that By, Bp^, ... Bp^ vanish at the limits. For 
cases in which this is not requisite may be discussed by first sup- 
posing them to vanish at the limits, and then determining, by the 
method of the Differential Calculus, which of the solutions so 
obtained gives a maximum or minimum. 

My? 

Now, when -r^ is invariable, in sign for all values of x be-: 

tween x^ and a?/, by choosing -j-^ = 

limits, and equal zero foir all other values of x, and at the limits^ 
(which can be readily done, as has been shown, by Fourier's inte- 

. . . . r*i 

grals), we secure a variation in which I Bf{y + By) dx has initially 

the same sign as / -—^ Bp^dx^ or as -^ . So wh&a u is a 

minimum -r^ must be always positive, and, when w is a maxi- 
mum, always negative. . \ 

» 

129. Again, whatever the form of Sp^ ^% the condition that it 
vanish at the limits enables us to express it in a series of the 
form 



a=ao 



Be sin aa?, between those 
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Cj Bin0+ 0, sin 2^ + + Gr Binr0 + 



*l""*0 



This will give 



the condition that it vanish at the limits, showing thalt 

and again 

opiu^ _ _ (7 gind — -j (7 gin2tf — r..^. — • 0. sinr5— ..», 
(a?j— ojj * 2 * r 

the condition of vanishing at the limits showing that (7o = 0. 
NoW| as Sy, Sp,, ... Sp^ are finite for all concerned values of Xy 
none of the coefficients C/^, (z^, ... C^^, ... can be infinite. For if 

Or can be infinite I Sp^ sin — ^ 5/ (fo can be so. This cannot 

be, for I *J^p^dx is finite. 

So, if (^i — o^o) be small enough, 

must have the same sign as I -j^ Sp^dx. 

cPf 
Therefore the requisite condition that j-^ do not chai^ge sign 

98 also sufficient when {«^ — x^ is small enough. 
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130. Also,' as long as (x^-^x^) is so small that the inyarialHlity 
of sign in -j^ is a sufficient condition, the minimum (or maximum) 

values of S^u=^j l-J^ Sy" + + j^ 8p»*) dx^ for which --^ 

Tanishes initially (vide Art. 125), obtained by varying Sy, Sp^, ... 
6p^, will, one be the value 0, given by 8y = Sp^ = ... = 8p^ = 0, and 
all the others will make ^u positive when t« is a minimum, and ne- 
gative when te is a maximum. These values can be obtained in the 
usual way. So for the least value of (ajj— auj for which it is possible 
that £*« vanish, some of these maxima or minima values will show 
what forms other than zero to assign to %, Sp^, ... 8p^ so as to 
make S"w vanish. If {x^ — x^ have a greater value than this, falsely 
discontinuous values can be generally assigned for Sy, Sp^, •••^» 

80 as to render ^u of a different sign from -7-=-^ , in those cases 

when the sign of i^u can be changed by a proper choice of func- 
tions for Sy, ^j, ... Sp,. 

131. In individual cases the process of investigation can be 
much shortened by choosing 



Jx^ ax 



where jP is a function of a?, y, p^, ... p^^^ and vanishes at the 
limits, and by observing that the differential equations to which 
the investigation of the minima and maxima of 



i:'(^v.-....fa..> 



leads must be connected in character with those given by inves- 
tigating the minima and maxima values of I fdx. 

J Xo 

132. Observe that the assumption of forms for 8y, Sp^, 

IT (x "" X ) 

...Spn9 in series of sines or eosines of multiples of — ^^ , 

^mZ ^"^^ .^^ 



«i-». 



w. 8 
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ought to enable us, when —i , , j; , ... -v^ we assigned fiinc- 

tions of a?, to determine the greatest value of (a?, — x^ for which S'm 
is invariable in sign without previously integrating the differential 
equation to which the general method would lead. The objection 
to such a method of investigation being simply that the analytical 
difficulties which would present themselves are generally greater 
than the difficulties to be encountered in integrating the differential 
equation. In fact, by such assumption, every problem in Calculus 
of Variations could be solved by solving, by Differential Calculus 
methods, a maxima and minima problem, in which the number of 
independent variables is infinite. 

133. The process indicated in Art. 132 may be sometimes 
shortened by the following considerationa If S*i* is always of the 
same sign for all values of (7„ 0^ ... Cy, ... (Art. 129), then G^ 
C^ ... (7„ ... can be so chosen as to render ^u a maximum or a 
minimum according as its sign is negative or positive^ It fol- 
lows that 

d*^u 
dCr' 

must be invariable in sign for all positive integral values of r. 
The application of this method will be more readily perceived by 
attention to a few examples. 

134. For example let us consider {a being -f), 

w = I (p' — a^) dx. 

The variations 8y = 8c, 8p = 0, decrease, and the variations Sy = 0, 
Sp = 8c sin 00 a;, increase u. But if we suppose y fixed at one 
limit, the first of these variations cannot be applied. We proceed 
to investigate under what circumstances u will admit of a minimum 
value when y = if a? = a?^^ 

We have N=- 2a*y ; P = 2p. 

So that 2p + 2a' ^ = J^(a?). 
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_^gy=sO to be satisfied. 

If we introduce the restriction I jpdx=^ a constant, ie. if we 

suppose y fixed at both limits, this second equation is thereby 
sufficiently satisfied, and then the first equation will give 

p + c^l ydx+C=iI{x). 

C must be deterrainedby the equation^ jp+ (7=5 Q, for some value of 
^ indefinitely near o;^, for which / {x) vanishes. 

This equation is solved, by the system 

•^ ^Aa cosa(a? — ir;)-fi/(a?), 

y = -4 sin a (a? — qr^^ 

Aa + C^O, 

and A is determined by requiring A sin a {x^ — x^) to have a 
given value. 

Now consider g'tc = I * (Sp* — a^Sj/) dx. 

This (Art 128) will be positive if {x^ — a?J is small enough, and 
our solution will give a minimum. 

Now consider the minima values of B\ supposing — t^ to be 

initially evanesceni; and (Xi — x^) small enough, they will require 
(Art 125), 

B^ = {A'a cos a (a? - x^) + J/«(a?)} Be, 

By = {A' sin a(aj - x^ -f I^ (a?)} &, 

1 r*» 

(vide Art. 135), and give g- 1 (Sp*— a'8y") (te infinite, except when 

8—2 
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tjf^O, ip'^O. This win be the cMe as lc«g as {x^^x^<-. 
But if (x^'-x^^- we can aaamne 

ipsi A'a Se COB a{x ^ xjf iy^A^Seana{x—x^f 

and 80 obtain I {S^/ — <fS]^ dx evanescent for other Talaes of 

ip, iy than zero, and if (^t^^t)^"' by choosing 

IT 

tp^A'aiccMa^x-'X^^ from a? = a?, till «=«« + 2~i 

ip^Of from » = ^o+2^ till «=^i"" oi> 

w 
ljps-.^'aScoosa(«— a;^i fromaasa?^ — — till «=a?j, 

ip haying, if we choose, an instantaneous zero yalne both when 
x^x^ and x^x^ (for such permission would haye no eflfect on 
the integral), and bj choosing consistently, 

8y = A'Sc sin a (a; — a?J, 3c, A'Se sin a.{x^ —a?), 
between the same limits respectively, we secure that 

SO that the integral u does not admit of a minimum value. 

135. Idem aliter. Expressing (Arts. 129, 132, 133) Sy, Sp m 
Fourier^s series, thus. 



ajj — a?^ •^'i "" "^o 



we shall have 



«*««/^^'-o*¥)<i«=^/^'{(^J[S»^a.T-a'SC;j(ir, 
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not retaining terms that disappear after integration, ffu will te 

positive ; if always > a. But if < a, a negatire 

a?j — a?o ^t "" ^0 

value can be readily obtained for it. 

136. By /oo(a;) is meant a function, falsely discontinuous when 
finite, whose general value is zero, but which has other values for 
particular values of Xy and some of these values infinite. It is 
obvious that, if (in 134) /^(^ is finite, /oo(|) is infinite. 

137. The investigation of Art 134 can be exemplified geo- 
metrically as follows. 

Let OX^^x^ OXi = *i> OJr = a/, X' being a point on 

X^X^ near X^, and suppose a(a?, — a?J<- (fig. 28). Trace a 

falsely discontinuous curve, with ordinate zero when x^x^ and 
ordinate {A! being +), 

Sp = -A'a cos a (ar — a?J, 
from x^x^ till x^x\ so that X'P' = -4'a cosa(a?' — a?,,). 

Bisect X'X^ by an ordinate 2!P", on which take a point P", 
and draw through P* F" the curve {A" being +), 

ip = A'^a cos a (a? — JB"), 

and draw through F"X^ the curve {A"' being +), 

Sp = A"'acoaa{x^B"). 

By taking 2!P' large enough we can secure that 



I Spdx^O. 

J Xf 



Fig. 29 represents the curve which is the locus of 



I Spdxy or Sy. 
J*, 
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We then have the following lesolts, 

TF - A'a COB a(»' -at^^A"aooaa (»' - B") ; 

JT* = J"a 006 a (^±^ - 5") = ^"'a COS o (^±^ - ^") ; 

(? = ^"'0 008 a (a, -5'"), or^'=^+ar,. 

The equations fw % will be, 
for X^T, % = A' sin o (« - a?^, 

for TT", 

%= ^' sin o («'- *J + ^" sin o («-£")- .4" sin «(«■'- Bl, 

for r-X,, Sy = A'"fma(*-£"')-A"'fima{s,-JB"'), 

or 8y = ^' sin a («' -<0 + ^" sin a (^^^ - 5") - ^" sin a {al-JBT) 

+ ^"' sin a (as - B") - A'" sin a fi^ - F") . 

F!r(»n these I find 

Bin e (-*-7 »» I 



-4'"=^' 






-4" cos a (ar — £"') = A'coQa {ssf — arj. 

These lesults show that, for the curve X^F^, 

Sp + a* \hydx- A'a = 0; 
and, for the cture TT', 

8p + o*l hfdas—A'a 

' =a'(«-«) {.4' sin a ix'-x;)-A" sine («'-jB'0}; 
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and, for the curve Y"X^, 

Si 

Now suppose X' to move up to, and ultimately to coincide 
withy X^y A remaining constant. Then the ultimate value of 
X'P' will be finite, and will be 

^a cosa(a?j — aj^j). 
Also ultimately, 

jA!"{x^ — a?')" = 4-4' sin a (x^ — a?J, 

and we' shall find that, if SSp always < tc (Art 124), 

= I SSp (8p + a* I Sydx — -4'a) dte ultimately^ 

s I hSp . Spdb ultimately. 

If we might assume SSp—f{Si/), this would not vanish, for 
f{By) is generally finite. But such a variation would require 

-j-^ to be infinite. 
dx 

But if — ^ must be evanescent initially, as would be the 

case in considering Sp" — o^St^ to be a function of Sy, Sp, -^ , as 
we do in Art 130, in the equation 
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tip, ▼anishing when x^x^^ is nltiiiurtely Itm flm mbj aflsgn- 
able qiuuDtitj tfaiong^oat the mterval, x=x to x^je^ Aod ao 
the eranefloenoe of 

I SSp.Spdx 
IS socQicd. 

This exemplifies our result of Art 134^ that 

5p = {A'a cosa (a?- a?J + l/«(ar)} Sc, 

iy = [A' Bin a {x-- xj +-fi(«)} &V 

cZSd 
makes ii a minimnm when conridered as a function of Sy, tp, -^^ 

although it does not make u a minimum when considered as a 
function of ty and Sp. 

188. In all the cases in which the method of Arts. 122 to Hi 
fails to be applicable, 

/(., y+«y. ^^ ) 

fails to be expandible by Tajlor^s Theorem in powers of iy, -^^ ••• 
This is manifest. 

Besides the cases in which Taylor's Theorem is recognized to 
fail in treatises on the Differential Calculus, that is besides the 
cases in which some of the differential coefficients of the functions 
concerned become infinite, we must add those cases in which anj 
of the differential coefficients become truly discontinuous. 

For instance, the function V(y4-Sy)* is ordinarily expandible 
according to powers of Sy, the expansion being 



^?(.^f). 



But when y vanishes it is not so. For there is no series of 
ascending powers of Sy, which can always be equated to V^. 
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139. If we take as an example, a being +, 






since d^^Y^^^/T^^^dJl^y^ 

is truly discontinnons when y = 0, Taylor's Theorem fails (Art. 

138) to expand >/(y + Sy)* when y = 0. So we cannot in this 
.case express the variation %u in the usual manner. The proper 
expression for Su , when y vanishes, will be 



lu = p(- 2a Vl +|)'' . ^/5^ db, 



and is negative ; so^ y = renders u a maximum. If any other 
value of y, which does not change sign, render u a maximum or 
minimum, it must also render 



r(y-2ays/l+p^dx 



a maximum or minimum. We shall consider this integral in the 
next Article but one. 



140. In connexion with the preceding investigation we observe 
that, Btf^ ... and their variations vanishing at the limits/ 

Now the same conditions as render Su evanescent, viz. that 
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when Sy, Sp, ... vanish at the limits, suffice to retider eyanesoent 



r 



under the same circumstances. 
So S^ti will Tanish if 

vanishes. Now if hf^ --^, ... -^-, vanishing at the limits can 

have value other than zero, continuouslj changing fix)m zero, and 
yet the equation 

be satisfied both by y = y', ... and ys=y' + 8y, ... then we shall 
have 

and so if (a;^ — x^ be so large that the equation 

admits of a solution in which y^ -^ , ... remaining constant at the 

limits can nevertheless continuously change from one value to 
another for the same value of x in the interim, then ^u will 
vanish. Under these circumstances then the test Su = will fail 
to establish the existence of maxima or minima. The problem 
which we proceed to discuss will be found to exemplify the theory 
of this Article. 



141. Let (a being +), 
I* « I (j^ - Say VlTp^ dx, 

Jar, 



(donfer Arts. 96-^100, and Appendix) (1). 
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This gives 

St^ = rf2ySy-2aVrTp*Sy-?P^^da? (2), 

S'u=^h2By^^-^^SySp^^^ (3). 

If y change sign, or y and p yanish together, there can be 
neither a maximum nor a minimum value of u^ dnd if y is positive, 
there cannot be a minimum. 

We commence with the discussion of the circumstances under 
which Su vanishes. Suppose, if possible, y fixed at the limits 
and always positive; then, if {x^-^x^) is small enough, u can 
have a maximum value. We shall (chiefly) consider the case in 
which y, though not vanishing, is indefinitely small both when 
X = a?^, and when x = x^; but the results of our analysis will not 
be confined to cases so restricted. 



We obtain the following equations whenever Su = 0, 



\^-j^,-2J%-aJl+p^dx^Iix) (4), 

2ay dp fiap* f——^_dl .. 



Jl+p 



\ p^ dx may change value either when p is infinite or when 
J x^ dx 



^ is infinite. Thus, if 



p and p [differ by less than any 
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aarignable qnaatitj, and 
them. 



jr+&r.eoiF# 

p 18 always intermediate to 






jr 



9 



J. 



Now our equation. 



''" ;;^^-2/'(y-«'yi+?)d«=/(*), 

18 not satisfied bj y = 0; this solution was introduced when we 
multiplied by p. 

Nor is it, between any values for x^ satisfied by the solu- 
tion of 



^-^-- 



given by p — 0, y =sa + Va' + J', unless £*= — a*. For for this so- 
lution I (y — a Jl +p') dx cannot be equated to the other terms of 

J x^ 

the equation. 

Nor is it satisfied by any solution which requires (confer Art 
96) jp to be truly discontinuous and finite, y and jp' being only 

falsely discontinuous. Such solutions render . ^^, truly discon- 

tinuous when y does not vanish, and no other terms in our 
equation. 

But our equation is satisfied by supposing, for any value, x\ of a?, 

t • • • 



rtf+Sx . 

jp = Qo , I VI +p^dx = 



y> 

af-ix 



even although I {x') vanish. Now, through any interval through- 
out which p is finite, Jpdx, or y, cannot, when expressed in terms 
t>f X, contain any term of the form I^ (x) ; and therefore, through- 
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ont sncli interval,' J(a;) can only affect the value of p^ and cannot 
affect that of y. That is we must have 

and, as &r as y is concerned^ we maj put ^ = 17, where 



VI - 




Confining our attention to cases in which I{x) vanishes except 
when 0? = a?^, and x = x^j let P^P^ be a curve satisfying the equa- 
tion (fig. 30) 

, 2ay 



^A^ 



J=y. i'+, 



hu will vanish for the curve X^P^P^X^. The equation to such a 
curve could be appropriately expressed by assuming for y a series 

of sines of multiples of — ^ —, which should, as shown h 



ajj — a?Q 



m our 



discussion of Fourier's Theorem, have for value x tan P^X^^y from 
a? = a?^ till X = abscissa of P^', then the ordinate of P^P^j and then 
(a?j — ar) tan P/Jf J Z^, from a; = abscissa of P/ till x=^x^j and then 
make P/, P/, move up to, and ultimately coincide with, P^y Pj, 
respectively. 

For the curve XJP^^X^ we have, y^^P^X^y y^^P^X^^ &c., 
taking a case when p is positive for x = x^y and negative for x = x^; 

\^I(x,); 
\-2ay, sin P;P,X, + 2ay, = ; 
X + 2ay, sin P/P.X, - 2 (area PoZ,P,XJ + 2aX,P,P, = ; . 
X-2(areaP,X,P,XJ + 2aX,P,P,+ 2aP,Z, = /(a?J; ^^^ 
so that 
I{x^ « 2ay, (sin P;P,X, - 1) ; /(a?J = 2ay, (1 - sin P/P,X,). J 
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Observe tliat the equation, 

2ay, - 2ay, sin P^PJ, = 2ay, + 2aP,P, - 2 (area P^,X,P,) 

+ 2ay, sin P;P,X„ 

is satisfied by the curve. 

r» dl . 
In the curve X^P^P^X^ the initial value ofi ^^-j-dajis— y*: 

this continues during an infinitely small change in the value of Xj 

viz., till y = y^, when the value of / p-r-dx becomes , ^ ^ ""y©** 

{V is positive for hyperbolic constructors,) and remains so also 
during an infinitely small change in the value of x, viz., till 

rx dl 

After this the value of I p-f dx remains = — i* till the neigh- 
bourhood of x = x^ is reached, when it changes in value in a 
manner precisely like the manner in which it changes in the 
neighbourhood of x^x^. The values of /(aj^), /(ajj, when 6' is 
negative, can be found in a manner precisely similar. 

We have now to consider the sign of S*w, and the circum- 
stances under which it can vanish. The investigation will be 
facilitated by slight transformations. Thus 

J*, ^l Vl+p' ^.7 (1,+/)' J«.(l+p«)4 J 
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Sy Yonisbmg absolutely at both limits, ^ vanishes also, and so the 

appearance of y in the denominator does not affect the process, as y 
is supposed never actoallj to vanish. 

(13) must be negative, if (aj^ — x^ is small enough. "We have 
now, in accordance with our method, to make (13) a maximum, 

ty^ hpj ^^ being considered the quantities subject to variation, 

and y, ^, being known functions of x satisfying (4). So that 

Had we considered (13) as a function of ty, Bp, only, we shotdd 
have had, 

the result which (14) gives when 7' [x) is always zero. Now this 
is the relation which holds between Sy, Sp, when a passage is made 
from one curve to another curve of the series (7), a result which 
the Theory of Art. 140 enables us to foresee, but which we shall 
proceed independently to establish. 
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For such a passage reqnires that (5) 

Si§I^^ 2ay dip %apy dpv^ 
da (1 +y)» dx (T+Z)*^ 



(1 +/)* ^ ^ (1 +!>«)* ^ ^' 



and we hare 



1 dl" (x) ^ 2ay dSp ^apy dp ^ 2ap -, 

2 cto (T+p^^ (1 +/)* ^ (1 +/)* 

2a8y ^1 j/g 2ay dSp ^ 6gpy <?;?g 

y Vr+p y da: ^ (i +^t)l &? (i ^yjl dx ^ 

^_2^8p ?^^Sy-.2Sy. 

Hence, when (a;^ — o^J Is sufficiently small, S*u is made a maxi- 
mum by so choosing Sy, ip, as to pass from one curve to another 
of the series, (14). And, when {x^ — x^ has the value for which 
some of these maxima vanish, we come to that value beyond which 
it may be possible so to choose Sy, hp, that S*m may be positive. 

So, always when yQ = y^> a, and (x^ — x^ < 2a, our solntiona 
given by Sw = make u a maximum. The question, which among 
these solutions gives u the greatest value, should properly be in- 
vestigated by the methods of the Diflferential Calculus. When 
(99) the locus of ultimate intersections is met u will not be a maxi- 
mum. If {x^ — x^) > 2a and < 4a, y can be so chosen as to make 
u infinite ; this can be done by making y constant for values of ay 
not indefinitely near x^yX^, and then making this constant value 
infinite. We so obtain 



w = (y" - 2ay 7l +/) db- 2ay*, 



= (y"-2ay)(aj,- a?o) - 2ay*, 
which may be made infinitely great when (o?^— a;J>2a. It will 
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"be readily perceived that no solution renders u a mazimoin when 
142. As an illustration, suppose (fig. 31) 

where x,'-x,^2 / ^ ==dy, 

and is in yalue intermediate to 2a and ia. 



143. Take -X'oPo>fto> and let XoPo=^i* Draw the curve 
-^oQoQiPi i^ which QoQ^ is a straight line parallel to X^X^^ and 
-FoQoj Gi^i> for°i ^ch a solution, from jj = oo to |> = 0| and from 
p=zO tO|) = — CO respectively, of 



M?-'-'- 



Then for PoQo^i-P ^e ^^^ ^^^ 



ra-\-^/c^^T9 t/" — 5* 



•*+V5rP&» 



■J b 
w. 9 
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So that 

db ^ ^ ' '^ Jj J^aY-if-by ^ 

which ifi positive, increasing as Q^Q^ increases. 

So that y = ordinate of X^B^B^X^ gives no maximum. It 
should be noticed, accordingly, that when x^—Xq = 4a, the circle, 

y'+ f ic — ^-5 — -) = 4a', does not make u a maximum. 

Of course the passage from one curve of the set XoPo^oQi^-^i 
to the next requires Sp infinite when a; = a?o» and when x = x^^ 
But points on the curve, jpo> Pi> can be taken very near P^^ jP^, 
respectively, and connected with B^f B^, respectively by a curve, 
as in fig. 31, so that m for XoBopoQoQtPiB^X^ differ from u for 
XqBqPqQoQj^P^B^X^ by less than any finite quantity when B^PoP^B^ 
is finite, and yet the difference between the values of p in the 
two curves, XqB^B^X^, XoBoPop^B^X^, for the same value of a:, 
be always finite, and so the passage from one curve of the set 
XoBoPoQoQj)iB^X^ to the next will not require at any point Sp 
to be otherwise than infinitely small. 

144. In Art. 143 the existence of a variation, increasing u, 
is established in a particular case. It will be readily observed 
that the possibility of this might have been foreseen, inasmuch 
as the curve, in its course, touches the locus of the ultimate in- 
tersections, and so ^u has not invariable sign. In like manner 
it will not be without interest to show that (fig. 36), if in the 

curve Pf^P^ ^ vanish both at Po and P^, the curve being a por- 
tion concave throughout to the axis of x, of the curve traced by 
an elliptic constructor, a variation can be assigned so as to give 
a curve through P^P^ in which u is increased. Thus, if XqPo =/8o> 
and fi be not much less than ^0, Art. JLOO shows that the curve 
corresponding to fi will intersect XqPq. Let that portion of it, 
rToII', which is nearer X^ than X^, be moved parallel to Ox till 
it pass through P^, and the portion nearer X^ than Xq be moved 
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till it pass through P^y and the continnity be maintained bj a 
line joining the ends, and therefore parallel to Ox. We shall 
have for PoP^, 

And if 



Jfi. 



V4ay-(y' + /3«)* ^' 



f will be <(a;j— oi,), by Art. 100. For this carve 



•'A 






a+Va«-/8« 






a+VSTT- {y' + lS^dy 



^0 



/•a 

2^(a?,-ar,-f), 

so that u decreases as /9 increases, and therefore t^^ ^^ ^^^ ^ 
maximnm. 

145» In like manner it can be shown that (fig. 37) a complete 
portion convex to the axis of a? of a curve traced by an elliptic 
constructor will not give u a maximum. 

9—2 



132 OF MATTMA AND MINIMA. 

We ahall have for P^, 

And if (compare Appendix on Art. 100, and fig. 34) 

where ;8 is to be taken not mach less than /3,, we shall hare f less 
than (aj, — a?,). For 

f' d/' + ^dy /•? ,^^^ — ^ — ^ /-i-^si 






2/8* 



4a"/3' - 4/3* 



^ p 2/3 {4ay - y + ^'} + 2/3 y + j8^* , 



{4ay-(y« + ^«}' 
So that 



<;/3 



_ rl 2/3co8*-<^<A^ 2)8 2/9 

~ io Va* sin' if- + /3' cos' ^ V?^ V^*-^ 

p 16a'/3/<fy 

shoMring that ^ increases with fi, and is therefore greater when 
fi=^^ than when /3 is a Uttle less than ^„ *.«. («, — aj,)>f. If 
then we trace the curve corresponding to /3, divide it in the point 
equidistant from X^, X^, and remove the pieces parallel Ox to- 
wards, and away from, Oy, till thej pass respectively through 
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■Po, -P,, and join the broken ends hy a straight line which will be 
parallel to Ox, we shall have for the curve so formed, 

+ («, - a;, - f ) {2a' - /?■ - iaJ^T^ - 2a* + 2a J'^^^) 

c 

= - 2a/9/ -{x^-x^^-2\ V4a'«*-(y' + /8^Vy, 

so that, as before, u decreases as /8 increases, and therefore w^ is 
not a maximum. 

146. We will now consider the question whether, among the 
maxima whose existence we have established, there ever exists a 
maximorum maximum. For a maximum it is sufficient that no 
variation throughout which hp is initially evanescent shall make 
u greater. For a maximorum maximum the variations in which 
8p may be initially finite or infinitely great must also not make u 
greater, and the determination of maximorum maxima is a ques- 
tion properly belonging to the Differential Calculus, not to the 
Variations Calculus. In the example before us the maximorum 
maxima should be found by regarding m as a function of 5*, x^yX^^ 
and the constant f^ which so attaches to a?, that, wherever x occurs, 
^~?o occurs in the integration of (7). We shall show when only 

-^ can vanish. A maximum maximorum may then be given, if 
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ti change sign properly, and may also be given for such values, if 
anj, of b* that, for a bordering value of 6^ u ia imaginary. We 
shall confine ourselves to the simplest case of symmetry, in which 
(fig. 32) y^^y^i although much of what follows holds in the more 
general case. The reader will diminish the theoretical difficulties 
which attach to the following investigation by regarding y to be 
the ordinate of a curve X^p^^X^^ wherein p^ is so near to P^, and 
p^ to Pp that no error arises from this difference, and then making 
Pf^, Pi, move up to and ultimately coincide with P^yPj^» It will 
be occasionally essential to mark the difference between X^ and the 
foot of P^*s abscissa, «.«., the ultimate position of the foot of pjs 
abscissa. When this is necessary we shall denote the abscissa of 
X^ by x^j and of P^, (or jp^'s ultimate position,) by a?^ + . Simi- 
larly x^ and x^ — will denote respectively the abscisssQ of X^ and 
Pj, orpj's ultimate position. 

We have 



db' 



x,\ao - ao Wl+p 






Vr+7"^(i+p«)i(te|d6'J*" 



J' 
For y is indefinitely small, and ^ zero at both limits, y being 

then the ordinate of X,, X^ respectively. 

Now -^ vanishes except at the limits, when we have 

/;_f&-/W..as,,(n.;^). 
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SO that 

Now yo» yi> increase with 6', except, on the one hand, between 
the locus of the ultimate intersections, and the locus of the cusps, 
and on the other hand when J' — , between the locus of the points 
of contrary flexure and the locus of the ultimate intersections 
(vide figs. 14, 15, 34 — ^37). So u would be a minimum among the 
maxima when y^, yj, are the ordinates of points on the locus of 
the ultimate intersections of curves for which ft'+, did the inva- 
riability of sign in ^u permit of its being a maximum. And 
likewise u would be a maximum among the maxima when y;, y^ 
are the ordinates of points on the locus of the ultimate intersections 
of curves for which J* — , were it not for the same reason. Be it 
observed that S"w will also vanish for these curves. 

In fig. 35 the locus of the ultimate intersections is separately 
traced for curves symmetrical with respect to the axis of y. The 
branches AQ,A'Q\ correspond to the branches in fig. 14, AP^ 
AT, to those in fig. 15, and OP, OP' to those in fig. 34. We 
have 

ulQO = OoO = Ooo'=aQo'-4' = a, 

OD=>oiy='^, 

DP^UP^a. 

We conclude that a curve making u a maximum can be drawn 
through points situated as B^, B^, but not through points situated 
as B^', £/. Be it observed that, however small y^, y^ be, it is 
always possible to take {x^^x^ so small that a curve may be 
drawn joining the points (o;^, yj and (a?j, yj, so that for it u is a 
maximum relatively to all curves through those points. 

147. The following problem, in simple Maxima and Minima, 
is not without interest, owing to its resemblance to the investiga^ 
tion of the preceding Articles. 
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It is required to make a maximum, through the yariation of ^^ 
(fig. 83), 



u 



= - «i?i*- «yo'+ 1 (y*- 2^ coseca) dx, 

J x^ 



where ^ta^E^ZV^^UiZl^, 

X — Xf «, — «». 
I find 

« s - ay* - ay* + g (y,* + yj«, + y,*) K - »o) 

- « (y* +yo) V(«i - »«)' + (yi - yo)*. 



If yi = y.> ^ = ~ 2«yo + (yo - «) 0»i - ^^J. 

which is negative ; but if y, ,= 0,. 

^=oyo('g.-a'»)-«V('".-'^*)'+y»'+ /, °^%^ , » 

"y» * "/Fi-^o) +y, 

which is positive if 

y.* («i - »«)* + yo* («. -».)'> 9«* K - «»)*, 
0' y.'+^^^>K-a',)v^9^N^^^'; 

this can be always secured, if we are at liberty to take {x^ — x^ 
small enough. This leads to the conclusion that we may aJways 
expect, in taking (^^ — o^o) small enough, to find that 

\ (y* - 2ay Vl +p') dte 

J Xq 

can be made a maximum, provided the ordinate at an extremity is 
not permitted to be less than a certain positive value*. 
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CHAPTER V. 



PROBLEMS. 



148. PfiOB. I. It is required to find what function y is of x, 
when 



J x^ 



IS a maximum or a minimum. 

Here N^ ax — 3^". 

So that, for a maximum or a minimum, the equation, 

oaj — 3^* = J(aj), 

must be satisfied. This requires that 



faoi 



or y=:_^_+J. 

It will be recognized that x^^x^^ must both be positive^ and 
that the positive sign gives a maximum, and the negative sign 
a minimum. lu fig. 38 the surface, z = (6k» — ^') y, is traced for z 
positive ; a change in the sign of y will change the sign of z : the 
curves numbered 0, 1, 2, 3, 4, are projections on the plane of xy of 
the intersections of the surface with planes parallel to that plane 
for which z has values 0, z^^ z^y ... increasing in order. 

In figs. 39, 40 are drawn the traces in the planes of xy and 
zx of a curve which makes /scZo; a maximum. It will be readily 
seen that Izdx is the same for all such curves. 



138 PROBLEMS. 

149. Peob. II. Haymg given 



= f 'ydx, 



it is required to find what function y is of a; when u is a maxi- 
mum or a minimum, c being a constant (126). Making v a maxi- 
mum, where, X being an arbitrary constant, 

v=.\ (oajy — y* + Xy)db5, 

we have -N"=aaj~3y" + \; 

The + sign will be found to give the maximum, the — the mini- 
mum. X is to be thus determined (we take + sign), 






X , _ 2 f ax^ + X ^* 2/a^-l-X\' 



This will lead to a biquadratic in X, as is seen bj examining I 
the equation 

fax^ + xy / aa?o + » \ aV _ fax^ + X^ * /a^ + X\* 

f 

Now, when (ic is positive, the equations, 
f ax^ -I- Xy ^ /aa?o + X \^ __ ac / ga;^ 4- Xy /gyp + X\ ^ _ ac 

have each onlj one real root, and 

— /a^_+X\* /aa?o + Xy _ ac 

has no real root.. So the biquadratic in X has two real roots onlj. 



J 
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The root of the first of these last three equations is the value 
which X must have. 

If I yday := f Kj -^^i X» 0, and the solution is contained 
in Art 148^ 



150, Pbob. III. Having given 



if=l a?(aj— y)"{&, 

J x^ 



to find y when t« is a maximum or a minimum. 

So that, for a maximum or a minimum, we must have 

y = aj + /(aj). 

If aJoj »i> are both positive^ we have a minimum : if both nega- 
tive^ a maximum ; if different in sign, neither. The trace of the 
surface, « = a? (a? — y)', makes this clear (fig. 41). 

151. Pbob. IV. To find when 



is a maximum or a minimum. 



M=| '{2y + 3(a;-y)*}cfo 

J x». 



jy=2-2(aj-y)-i; -^ = -| (aj-y)-*. 

N is truly discontinuous when a? = y, and then 
Sw = r^ (2Sy + 38y*) da? = f '* 38y» da? 

•/ iTf J X^ 

initiiaUj, and is always positive. So 

y = a; + /(a?) makes w a minimumiw. 
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Again, if 1 — (x — y)"* = J^i^), or 

y=:aj-l + 7,(a?), 

dN . 

If is a maximnm, for -r- is negative (fig. 42). We trace all these 

surfaces hj representing the projections of sections of the surface 
throughout each of which e is constant. K each of these projections 
be cut out in cardboard, of moderate thickness, and the cards be 
put one over the other properly in order, a very correct idea of the 
surface might be shaped. 

152. Prob. V. To find when 









18 a mszunam or a muumom. 

When a? — y = 1 + J (a?) 

(/must never be < ^ 1), t« is a minimum. 
When y=^x + If 

where I cannot be positive, N is truly discontinuous, for an in- 
crease in the value of y makes -W imaginary. 

In this case, 

Su= [*' {3Sy + 2 ( - Sy)*] dx, 

St/ must be negative, and so u is a maximum (fig. 43). 
153. Prob. VI. To find when 



u=\ ' (y* — 4ay' — 4ar^y) die 

J x^ 



is a maximum or a minimum. 

dN 
JVr=4(y»-3ay«-a^»); ^ = 12 (y*-2a-y). 
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In fig. 44 tlie surface, '« =» y* — 4a3^ — 4ic'y , is traced. In 110 
it is shown that the roots of N= 0, as given by Tartaglia's rule, 
are truly discontinuous. But it is evident that y= ordinate of 
OQ, or of BP {EIi = 2a)f makes u a minimum, and y = ordinate 
of 220 makes u a maximum (fig. 19).' So that (Arts. 110, 79), 



|a = 0/ r+oo rx+h\ sin adz r/ n 



7n/ = 



a = <) 



( r" ■ l'**^ an adz ^^ r / s 



(1). 



render u a minimum, and 



7ry = 



=0/ f+« i-*+* ri+tv sina<fo _,• 

renders w a maximum, ^h, ^k being the abscissae for iS', iff respec- 
tively. Observe that a?o, a?j, must be respectively both negative, 
both intermediate to — 2* a and -f- oo , and both intermediate to 
— 2' a and zero in the three cases. 

Further, observe that there are points on each of the curves (1) 
for which (y* — 4ay" — 4ic*y) has the same value for the same value of 
X, and so a truly discontinuous function can be readily assigned for 

y such that z be not truly discontinuous, and | zdx a minimum^ 

Xo and a?j being entirely unrestricted. Just as the sky-line in a hill 
country can be continuous, although the outline on the hills which 
actually corresponds to it is truly discontinuoujs. 

154. Pkob. VII. Having given 

tt = 1 (Vl +/ + X^) dx, 
to find when te is a minimum. 

VI +^' 
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X' most be leas than unity, and then 

will render u a minimum. 

The ciure P^Q^Q^P^ (fig- 45) will not render u a minimmn, 
for, withont altering jXpdx^ /Vl+jo'cZa? can be rendered smaller 
bj taking Sp negative for P^Q^ and positive for Q^P^, so as not to 
move P^f Pj, nor change the length of Q^Q^* This holds when- 
ever P^Q^ P^Q^ are not paralld. Bat in fig. 46, P.QoQiPi ren- 
ders u a minimam, if P^Q^, Q^P^ have each the proper inclination to 
Ox. For no variation, finite thronghout, can alter the length of 
QaQx* ^ ^ ^t the Calcnlns of Variations can tell ns concern- 
ing the shortest line joining two points, when the question is 
discussed by means of the above definite integral, is that, when 
the line joining them is not perpendicular to Ox^ it has a constant 
inclination to Ox. It requires a further application of the methods 
of the Difierential Calculus, or something equivalent, to show that, 
among all such lines, the line never perpendicular to Ox is the 
shortest 



155. Pbob. YIII. a material point is so constrained in its 

motion that its velocity alwavs s=u + -p^ — -, where u>v\ it is 

vl+|) 

required to find its path from one given point to another, when the 
time the journey takes is a minimum. 

We have ^^ ^^1 +j>' + P H. dy 

80 that <=/ ' ,/r^^~ T~"-> Vi-yo^l'l^l 

and we enquire if CT is a minimum, where, for some value of X, 
independent of x, but not yet known, 



Jxo (UWI +p +pV ) 
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From this we find 



"" u Vl +p* + pv {u Vl +y +i>i?)' 
Now the equation, P = 0, gives, 



dk^ Spuv + (u* + 21;*) V 1 + j)' 

It is requisite for a minimum that this should throughout be 
positive. In figs. 47, 48, we trace the curves which are, when 
P=0, the locus of X and p, when 

u* — Suv + 2't^= (tt — v) {u — 2v) 

is positive, and when it is negative; that is, according as i«> 
or < 2v* 

In these curves p is always given without ambiguity, when \ 
and the sign of -v- are given. The portion of fig, 48, for which 

-J- is positive, requiring that -j- be negative, does not corre- 
spond to a minimum solution. If the equation, P = 0, be solved, 
it gives a quadratic in jp*, {.e. a biquadratic in p: the roots of 
which which are also roots of the equation 

have nothing to do with the problem considered. 

So, p being that root of P= for which -j- is — , 

is the equation to a minimum course. Among such the minima 
minimo.rum courses can be determined by Differential Calculus 
methods. They will require /(aj)=0, unless 2v>u and 

aJi-aJo Vw (tt* - i/') (2i; - tt) * 
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In verification of the foregoing and proof of the last statement, 
we subjoin a geometrical illustration. 

156. Let a?o, y«, be the co-ordinates of Po, ajj, y^, of P^, Then 
|, — 3a — 2^^ j^j^ £^j. course P^P^, where p is positive (fig. 49), 

Jx^U'^1 +p*+pv U^l+p*+pV 

But, for course F^Q^Q^P^, we shall have, 
^^ Poft ^ P,(g, r^ ^ {1 + (p + Sp)'} efa 

M-v tt-i; y*o w Vi + (;) + Spr+ {;> + Sp) V ' 

and the difierence between these is ultimately, when Sp is positive, 

which is positive; when Sp is negative, and QoQ^ lie on opposite 
sides of Po^i» we have for the difference, 

1 » 

which is always positive, for — ; . ^ , is positive. 

^ ^ M + v wVl+p'+jpi; ^ 

But if jp be negative (fig. 50), for course P^QoQ^P^ we shall 
liave, Sp positive, 

which will be a shorter course than the ^course Pf^P^i provided p be 
such that a negative value is given to 

1 jmVi+j)«4.(/-i)^ 

- 0- +P^ ^*+ (y ^ l)ut; 4-t^+j?ut; Vl +p' + j)u'Vl +j>* 
"" (w- i;)(ttVl+y+|>t;)" 
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Now, if we solve the equation, 

vf — uv + tf 



we obtain ^ = — 



Ju{u^-'tf){2v-u)* 



and 



(m^-mw + vT (M" + 2ti*)* 



if (2t; + tt)(w*-2M»t; + SwV- 2Mt^ + 1;^ <tt(w* + 4mV + 4A 

i. e. - t*V + 4wV - Swv* + 2^ < 4tuW + 4tti;*, 

which is trae because 

5m* — 4a*t; + Tmv' — 2v' is positive. 

It follows from this that for values of ^ between 

, and — 



we never have a minimum minimorum course. If — — ^ have 

such value, the minimum minimorum course is given, when sim- 
plest, by 

/must be positive when x=^Xo and negative when a; = a?^ and 
is determined so that y = y(^ when x^x^ and y = y^ when a? = iP^. 
A slight examination will show that every value of /which satisfies 
these conditions gives the same value to the time of passage. 

To illustrate the fact that there is not even a minimum when 
p has a value so that 

u^ 4- 2i?» 



-p> 



J{u^-v'){^^^u')' 



the line PqP^ may be conceived moved into the position of any 
locus through P^P^ not requiring Sp to be initially infinite: ^U 

W. 10 
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wUl be found to be negativei and 80 the coarse not e^en a 
minimnm. 

The question still remains whether the method by which we 
have attacked this question^ wherein we essentially restrict our- 
selves to those courses in which the distance from the axis of y 
never decreases, does not, owing -to that restriction, prevent us from 
arriving at the true solution of tiie physical question with which 
we started. Jt wiU naturally be expected that this is the case, 
when,^ in the equation to the minimum minimorum course, J has 
value. As, however, this question is completely met in the 
problem which we will next consider, we will not discuss it 
further here. 

157. Fbob. IX. A material point is so constrained in its 

motion that its velocity always =w +-2 , where 

vl+p 

u>v; it is required to find its path from one given point on the 
axis of 0? ta another when the time the journey takes is a mini- 
mum. 

We have = f '^ ; t= f' . i^+P^^ ^ . 

J*. J*, uwl + p^+pv cosa-f- v sina 

and we must have, for some value of X, independent of x, but not 
yet known, 

Z7= minimum = I '\ — . ^ -, — +Xo>da5, 

•'^o luyl+2> -fi^vcosa + t^sma ) 

■fij p_ p^Vl+j>'-f- {p^ — l)v co&(i + 2pv sing 

{u Vl +p^+pv cos a + V sin a)' 

dP _ u{l+ p^ +11^^ + 2 {pv cos g 4- y sin a) Vl 4- j>* 

^P '^l + p^iu^^l+p^ + pv cosa + t; sina)* 

2{pu^/l+p^'{^{p^'-l)v coBa + 2pv sing} {pu + v coBa'^l + p* ) 
\/T+^{u*/lT^+pvcoaa + v sina)' J 



VH-p'(w Vl +y +pt; cos a + 1; sin a)* 

4p^^^cosa +4jp" wv sin a+2 { J) V+ (p"- 1 ) t^cos'a+2»t;'sin a co^ 

V 1 +p* (w V 1 +p^+^t; ctfs a + 1^ sin a)* 

_ S{pvcoaa + v gin g) u+ (^' 4- 21;* cos'a + 2tr^sin'a) ^1 + ^ 
V14-;)* (i^ */T+^^pv ooft a + n sin a)' 

_ 3 (j? cos«-f smct>tt^ + y + gt^) Vi Hhp^ 
Vl +|)'(tt Vl +p' + jw cos a + v sin a)' 

It is requisite, for a minimum, that this should be always posi- 
tive The numerator will vanisb, if 

(tt* + i^ s^ipcoa a + sin a)^ + (p sin a ^ cos a)» 

+ 3 (p cos a + sin a) wv = 0, 



or, when 



f p sin g — cos a y 9^V 

\p cos a + sin a/ ** ^!?T2t^ "" ' 



le. ftana ,— I V- (^'-^(^^-^') 

V coaa(|ico8(jt + sui«)y (^ft'+aty*)* ' 



-flingj ^^'^^^^'"^^ ^^'-^'^ 



2? cos a + sin a (w'+2t;") 

is negative. Now there will be two such values fot p when 
sin a is negative, and 






*-^- cos'a< ^ n 2^8- ■ 



10—2 
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Again, when X= j^^^, we have, if P = 0, 

pu(u±v COBOL) Vl+l>' T 2uv {pQOBa + sin a) VT+j? 

= ± w" (1 + !>') ± ^ (P ^^^ a + sin a)* 

- (w ± t; cosa) {(p*- 1) r cos a + 2pt; sin a} ; 

or, {pu* + pw» cos a T 2wv sin a) Vl+|>* 

=5 ± (w* T tw cos a)p' — 2pw sin a 
± (w'± wt;cosa + v"), 

giving p' { (w" T wv cos a)' + 4wV sin" a 

- 2 (w* T uv cos a) (m* ± wt; cos a + 1^ - 4wV sirfa} 
+ 2p {2wV sin a cos a T 2u^v sin a + 2uv sin a (w" ± wt; cos a + 1?) } 
+ 4ttV sin*a — {u* ± uv cos a + ify = 0, 

or, u{uTv cos a) (t** ± 3uv cosa + 2tf)p* 

— ^uv^ sin a (2w cos ot + v) p 

+ {u^±uv cosa + 1;^" — 4t*Vsin*a = 0, 
« 
Taking the upper sign, as it will be observed that changing 
the sign of v will change from the upper sign to the lower sign, 
I find 

{u(w — vcosa) (i^"+ 3ttt; + 2t;^p — 2wt>*sina(2ucosa + t;)}* 

^ 

= 4wV sin'a (4t^* cos'a + 4kuv cos a + 1;*) 

— u{u^ + 2u^v cos a + 2u^ — Surf cos*a — 2if cos a). 

(w* + 22A't; cos a + 3ttV cos'a — 2ttV sin' a + 2wt^ cos a + v*) 
= - tt {w' +4M**t; cos a + (2 - 3 cos"a + 4 cos'a + 3 cos'a - 2 sin'a) uV 
+ (- 2 cos a + 4 cos a - 6 cos' a + 6 cos' a - 4 cos a sin'a + 2 cos a) wV 
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+ (— 16 sin^a cos'a + 1 + 4 C08*a + 6 cos^a - 4 sin'a - 9 cos^a 

+ 6 sin*a cos*a - 4 cos* a) uV 

+ (— 16 sin"a cos a + 2 cos a + 4 cos a — 6 Qos'a -^ 6 cos'a 

+ 4 sin'a cos a) wV 
+ (— 4 sin'a + 2 — 3 cos"a — 4 cos"a) wf — W cos a} 

= — w (w^ + 4tU^v cos a + 6tt't^ cos'a + 4tt*t^ cos*a 

— 2%Pv^ cos*a — 6mV sin"a cos'a 

— Zuf V* sin* a — 6 w' t/" sin'a cos a 

— 6t^'t/^ cos'a — 2ut^ sin'a — 5utf cos'a — 2t;' cosa) 
a — w {m* (w + v cos a)* — Zu*v* — 2i^ (tt + v cos a) 

— Suif cos'a — 6w'i;' cos a} 

»= — tt (w + 1; cos a) {w' {u + v cos a)' — Sw (w + 1; cos a) v* — 2v'} 
« — M(w + t;cosa) (tt' + wi; cos a — 2 v*) (w' + wv cos a + v")'. 

By aid of the foregoing investigations we can trace the curve 
which is the locus of X and p when P = 0. 

J{ u>2v, -T- does not vanish for fioite values of p, and the 
curve will resemble fig. (51). 

If u<2Vf sina+, 9u't;' cos'a < (w' + 2v')', the curve will also 
resemble fig. (51). 

If t« < 2t;, sin a +, 9u^ cos'a > (w' + 2ti')', then since 

(t^'+ 2v^ > 3 (u'- 2v'), or > 3 {2^-v!^, 

(w'— uv cosa — 2^^) and (u* + uv cos a — 2'if) 

have opposite signs, and the curve will resemble fig. (54), when 
(it' — wv cos a — 2t;') is negative, and the curve can similarly be 
traced when (w' + uv cos a — 2^*) is negative, when it will cut the 
other asymptote. 

If u<2v, sin a—, (w' — mw cosa — 21;"), (w.* + wt; cos a — 2!;*) 
both positive, so that 9tt'v' cos'a < (»' + 21^)*, the curve will resem- 
ble fig. (55). 
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both negative, the cmrve will resemble fig. (56). 

But if w < 2t>, fiina — , 

{u* — uv cosa— 211*), and {tf + uv cos a — 21;") 

different in sign, the curve will cut only one asymptote, but will 
cut it in two places, resembling figs. (53) or (58). 

A comparison of these several cases shows that sometimes p 
has, for the same value of X, two different values for both of which 



•J- is negative, and that this is always the case when 
positive. 



dp 



This shqw^ the existence, tb^n, of an infinite number of routes, 
along none of which p is ever infinite, and for all of which the 
time of jpumej is a mini];num. It will be obsferved that foF each 

individual route (^ + X I pdo?) is rendered a minimum indepen- 
dent of the condition of y = yi when x = x^; but {t + \' \ pdx), 

where X' 4= \ is not rendered a minimum independent of that con- 
dition. The method of the Calculus- of YariatiimB is, as such, 
unable to compare the time of journey along one pf these xoutes 
with the time of journey along another. For, if ^ curve move 
(fig. 57) out of the position XJP^X^ into X^P^X^, where X^^X^, 
X^Pg-Xj are triangles, and PJP^ not ultimately perpendicular to 
X^X^y hp is not infinitely small throughout in the limit when 
PJP^ vanishes. And so the method of Art. 123 (and every method 
based, avowedly or unavowedly, on expansion by TayWs Theo- 
rem), in which higher powers of hp are neglected in comparison 
with lower powers, cannot recognize a route changing its form 
from X^P^X^ to a form indefinitely near, X^P^^, without passing 
through an intermediate form for which the time of journey is 
^eater than for either XJP^X^^ XJP^X^^ notwithstanding that the 
difference betwecQ these times may be made as small as. we please 
by taking P^P^ small enough. It is for this reason that the words 
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' all sach forms... as are initiallj evanescent,' are introdaced in the 
fifth and sixth lines of Art 123. The Differential Calculus, in 
like manner, would refoBe to recognize everj point in the line, 



y = 



, to be at a maximum or mmimum distance from 



a 

the axis of a?, as every point in the line, y = 0, is ; and would only 
concede that distinction to the points whose abscissas are odd 

multiples of — * 

In like manner as the Differential Calculus does not, as such, 
tell us which is the absolutely greatest and least among those 
maxima and minima which its methods discover; leaving that 
question to be decided j}er enumerationem aimpUcem: so the Calculus 
of Variations does not, as such, determine which are the greatest 
and least among those maxima and minima which its method 
discovers, leaving that questidn to be decided by the methods of 
the Differential Calculus^ and per enwmeratianem simplicem. 

Thus, in the present Problem, it must not be supposed that 
the time of journey along each of the routes, for which that time 
has been shown to be a minimum, is the same. The methods of 
the Differential Calculus must be employed if we wish to find the 
minima minimorum among these minima 

158. In order to find the minimum minimorum course we 
must apply Differential Calculus methods. For this purpose, sup- 
pose (fig. 58) the course of the material point to be the path 
X^PX^. Then 

velocity along XoP= « + tf sin (a + ^), 
PX^^u + v sia{a-'4d> ^^^ 

tA + 1> sin (a + ^ tt + v sin (a — ^) 

— ^^i { ^"^^ sin g ) 

"" sin (^ + 0) |u + 1; sin (a + g) w + 1; sin (a - </>) j ' 

This must be made a minimum by the variation of 6 and ^. 
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I find 

— Bin ^ cog(^+^) {u + v8m{r + ff)] — v sin (0+4') sin ^ cos (a -t- ff) 
®= 8in'(^ + ^){« + t;8in(a + ^}* 

COB 6 ain {0 + <l>) - Bin 6 COB {6 + 0) 
■•" 8in"(^ + «^){« + t;8in(a-^)} ' 

, u + VB,in{a + ff) _ ucos(6 + <f>)+v Bin(a + 2g+«^) 

^'^^^'^' u + vBia{a-4)~ « + v8in(a + ^) 

In like manner 

u + v sm (a-^it) _ u cos (^ -f <^) + t; sin (a -^ fl — 2<^) 
u + v sin (a + 0) "" m + 1; sin (a — ^) 

So that 

t^ + t? sin (g + ^ __ ^ {1 +COS (6+(l>)} + 2v sin {a.+ 6) cos iO + 4>) 
u + v Bin (a — if})" u {I + cos (tf + 0)} + 2t; sin (a — ^) cos {0 + ^) 

_ i; sin (2 + 0) — vsin {2+0) cos (^ + <^) _ - 
""t; sin (a — ^) — vsin(a — ^)cos(^ + ^) 

So that a + d = 7r — a + ^ = ^^ — r — -y and 

w + V sin (a — ^) = — w cos 2 (a — ^) — V sin 3 (a — ^), 
2t* cos' (a — <^) + 2v sin 2 (a — <^) cos (a — ^) = 0, 

if cos (a — ^) = 0, or u + 2v sin (a — 0) =? 0. 

This last solution lies among the solutions given hj the method 
of the Calculus of Variations, for, from our equations, 



( u+v8m{a + 0)y 
[u + v sin(a — ^)) 



— sin <^ {tt sin ^ — t; cos (a + 20)} + cos <^ {t^ cos ^ + 1; sin (a + 2^)} 
cos ^ {u cos <^ + V sin (a — 2^)} + sin if> {t« sin ^ + 1; cos (a — 2^)} 

sin ^ {w sin ^ — t; cos (a + 2^)} + cos ^ {m cos ^ + v sin (a + 2^)} 
cos {ucoBif> + v sin (a — 2^)} — sin ^ {w sin ^ + v cos (a — 2^)] 

-sin(g + </)) {^ sin g -^ i; cos (a + 2g)} 
sin (d+ ^) {m sin ^ + V cos (a — 2^){ 
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If on XoX^ be described an arc of a circle containing an angle 
equal to the value assigned by the above equations to (^ + ^), and 
a line be drawn through the minimum ordinated point at right 
angles to the direction of fastest and slowest motion, its intersection 
with the circle will determine P. 

As negative values for and ^ are inadmissible, we see that, 
a xahging from — tt to + tt, (a+ ff) must lie between — - and 0, 



and (a — <f>) between — ir and — - . So sin a must be negative. 

An investigation of second differential coefficients would lead to 
the same conclusions as we have already obtained from considering 
the locus of X and p when P — 0. 

It will readily appear that, if a curve be drawn from Xo to X^, 
so that for it j>' always less than in XqPX^, and any number of 
points be taken on it, two consecutive ones being made the op- 
posite comers of a parallelogram whose, sides are parallel to Xo/\ 
PZj, as in fig. 59, a route will be obtained having for its time of 
journey the same length as the route XqPX^ has, and the number 
of comers of parallelograms may be made as great as ever we 
please, and so the route be made to coincide with the curve 
throughout in position, although their tangents do not coincide. 

It should be remarked that = ^ = sometimes, but not al- 
ways, renders t a minimum. 

For -^— f ^ + I I 

2 cos ^ (m + i; sin(aH-^) w-t-v sin (a — ^)j 

^ 1 ( 2tt + 2t; sin a cos \ 

~ 2 cos ^ \{u H- 1; sin a cos 0)* — if cos* a sin* 0) 

1 M + y sin g — ^ » sin g . y . . . ,. 

''T^^' (M + t; sing-it) siua.^/-«'cos"g.^ initially, 

^ ^ (1 + W) (« + J «in « - it; sin g .^ .^ 
(w -+ V sm a) "i;^ -^-Mv sm a) ^ 
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w + t^Bina^ * '( 2(tt + t;Bma)j 






and (t» + i»sina)*— («< + vsma)vcdiia + 8t;(v + t«sind) 

« 1^ + Stfi; dn a + 21^, which is not always positive. 



159. Fbob. X. Haying given 



Jxo 



to find y when i^ is a minimum. We suppose c, y^ — yo, to be 
positive finite constants, and the value of y to be yo when x=x^ 
otherwise, by decreasing y without altering p, u may be made to 
decrease always. We have here to make (Art 126) a miTiinrinTn 



in which 






so that we must have 



(y) 



'ByJMx^O. 



The last equation is satisfied since 



X^Xft 



Sy = 0, 



for y^yoi and y^y^^ for these values of a?. 



«=*, 



^ = 0, 
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Now, 3,.-y,=/^^^ = |^'|^^^=£=^_},fo,. 

So if we have always (?>{x^A — X + /)*, then 

}y^-lx-A-\ + D* '/i^-ix-A-m 



{x-A-\ + J)* Vc»-(a!--4-xy 
and oxir solntlon will be 

y-y, = -»J<?-{x-'A-\Y-\-^i?-{p:,-A-\)*, 
_ x-A-\+I 

^ + X being determined from 



I 



Thus, if the circle through P and Q (fig. 60) with radius c, and 
centre on the side oiPQ remote from X^X^^ cut neither X^P nor 
XjQ on the side of PQ towards X^X^ ( OX^ = iCo> OX^ = x^ , 
XJP=y^ XjQ = yJj then throughout the arc P5^ we have 
c? > (a; — -4 — X)^ and the above investigation shows that u is, in 
this case, a minimum. 

But if ever <?= («j-.^ - X + /)', 

we may have 

where. Art. 136, fjl - ^'^' 



Now, since S^i ^ y© = I ?^^> 



r^i a? — -4 — X 
J «o V c — (a: — ^ — X) 

= yr-y<i+ Jc'-ix.-A-X)'- J<?-{xo-A-X)', 

the equation to deteimine (4 + X). 
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In this case our Bolution is contained by the equations 



dy a? — ^ — X + / 

It should be observed that no always finite value for Sp can 
render 



J X9 



dx 



other Uian zero. But if ^ be allowed to be infinite, and hy be not, 
since, when hx is small enough, 



•«'+&r 



I Sp I{x) dx = 

J af 



«s:y 



Sp . 8aj . /(a?*), 



and 



we have 



so that 



/. 






x^af 



SpSx = 



jf'+to 



%, 



j SpJ(a?) die =/(«?') 



tf'+to 



%, 



I 8p7(a!)(«a! = 2/(a!') Sy. 



with the condition 



CXx 

J Xo 



Xi 



8y=0, 



*o 



and I Spl{x)dx will not vanish unless ltJ{x) 



y+to 



Sy vamshes. 



Thus if we have a curve Fp^pjp^Q (fig. 61), where iji^, /jj?, 
are arcs of circles with radius c, and centres having the same 
ordinate, and p^^^ Qq^ are parallel to Oy, no finite change in ^ 
can do anything but increase u for this curve, whose equations 
may be written as above, and 



and 



/a=X + -4 — f— c, when d? = f, 
7=X + -4 — i»i + c, when x^x^, 
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and 7=0, for values of x finitely distant from f, w^. In this case 
-we shall have, Sp being taken to vanish when I vanishes, and oo 
-when / does not vanish, 

and in this case v can be diminished. Bat the Calculus of Yaria-* 
tions cannot recognize such a variation of v, 



It will be observed that when W{x) changes its value upon 
(a? — -4 — \) ss c, we have undoubtedly a minimum. But, when 
this occurs at any other point in the curve, u may be diminished, 
but it requires an infinite change in Sp to produce an indefinitely 
small change in u* 

Thus, if P^ (fig. 62) be the arc of a circle, the ordinate of 
whose centre equals X^^, and whose radius is c, the curve PQQ 
will undoubtedly be a minimum. 

For this curve we have the equations 

dy x^A — X + Z ^ 

S5"Vc'-(a:-^-\ + /)«' 

where ~ yo-Cj = — Vc' — (a?o — -4-^)'; 

a?j — -4 — \ = c ; 

/ must be zero when a? = a?, , and must never elsewhere make j^ 
so infinite as to affect y. 

The value of W may be represented by 



«= 



r* sin a.dz 

Jx-x, e*"*» - 2 cos a + e-*+'* * 



^ 2 (y^ — c J p sin a . dz 

IT 
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67 tracing the locus 6f the curve whose oidinate ^ ^ > <>^ 



we see that the instantaneous values of I can have no effect either 
on /ixfa? or on /Vl+p'ete. 

160, Prob. XL Among all surfaces of revolution of the same 
superficial area to find the ones whose solid content is a maximum. 

If, in attacking this questioUi we refer the surface to rectangular 
co-ordinates, the axis of revolution being the axis of x^ we shall 
have to investigate the maximum values of 






where a has a value, as yet unknown, independent of x. 

Suppose consistent functions are found for ^ and p snoh that^ 
for a particular value of a, t^ is rendered a maximum. Then, foi 

all such variations as are consistent with / \/y* (1 +/>*) da? being 

constant, these values for y. and p will render I 'ifdx a maximum. 

But the converse of this is not true. That is to say, consistent 
functions may be founds or exist, for % and^, such that, when 

I iy^(l +jp)*di» is constant, / y*d«? is a maximum, although 

these fimctions do not render u a maximum. For we have shown 
(Art 141), that when 

/{y* — 2a J j^ (1 + p*)} dx is not rendered a maximum. This we 
-a 

did by assigning^ to 8y, Sjp,^ values which, it should be observed, 
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/Til . 

increase / «// (1 +i>') <&• Yet thesQ values for tf and jp do 

render I j/'cZx a maximum when I ^ vl Hr|>* dx is constant 
in value. For, Art. 141, y being positive, 

4 -a >Jl+p (1 +J»y 

In this the last integral vanishes identically, the second owing 
to the limits being fixed, and the thiid is 

which vanishes for the circle in question [vide Art. 141, (6)]. So 
the first onlj remains, which is essentiallj negative, the part under 
the integral never becoming infinite, and it cannot vanish unless 
Sy, Sp have values such as will increase or decrease 
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In like manner y equal any of the solntions of St« = given in 
Art, 141 is a solution of this question. So (Art. 139) either y = 0, 
or y equal the ordinate of a falsely discontinuous curve, which in one 
part coincides with the axis of x^ and in another part with a curve 
for which Sw = 0, gives a solution. In every case a must be de- 
termined so that the surface of revolution have the given value. 
The number of solutions is infinite, variations in which hp is 
throughout finite alone being permitted. Our demonstration that 
the sphere solves the question, when the superficial area =, or <, 
7r(^j— 0?^', equally applies, mutatis mutandis, to show that the 
curve corresponding to any of those which satisfy equation (4) 
of Art. 141, when /(a;) =0 throughout, solves the question, if the 
superficial area produced by its revolution has the right magnitude. 

161. Observe that the definite integral, I (y* — 2ay */l+l>*) dx, 
does not exactly correspond to the question proposed. For the 
of a surface of revolution is always I ,Ji^ (1 +p^) dx, and is | 

only I yjl+p^dx when y is positive. Also in this method of { 

attacking the question the surface of revolution is restricted to lie 
between two planes, whose equations are x — x^, x = x^, and to be 
of such a nature that y has only one value for a given value of x. 



162, But if in attacking this question we refer the surface to 
polar co-ordinates, the pole being in the axis of revolution, although 
we thereby confine our attention to such surfaces of revolution as 
can be seen entirely from some one point on the axis of revolution, 
to the exclusion of such surfaces as that generated by the revo- 
lution of a figure, for which r has more than one value when is 
given, yet such restriction is unimportant, as a little consideration 
will show that for no such excluded surface is the solid enclosed 
absolutely a maximum. We shall, accordingly, have to investi- 
gate the maximum values of 

M=/ fr'sjn^-3ar sin^A/r' + ^jd^ 



area 
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Tor which, (r' = ^ j , 

St* = j^{(3^ sin 0^Sa smOj^T^^ - ^|l^ ^ 

The condition that this vanish gives 

Sarr'sin^ «f*/« • /i • /i /"5 ^i ar^ sin ^,>, ^,>,v 



whence 



» rf*r\ 






3arr' cos ^ Bar* sin „ Sar"* sin ^ , „ , . « 

— 7 „ j. — - — ^, r r r — Sr' sm p 

Jr' + r* {t' + ry (r^ + O^ 

3ar* sin dl 



+ 3a sin 5 Vr* + r * + 



^^ + r" rf^' 



Sarr cob 6 Sai' sin g „ Sa sin <? (r ^-r*- 2r*r''-r'*-r*-r*r'*) 

-3r«sind = g. 
ar' sin ^ (r + r") arr cos — 3ar* sin ^ - . ^ 1 rf/ 

2ar^ sin g cos g + 207^/ sin' g .. 2a/' sin g co s g -- ^arr' sin' g 

(r' + 0» ** VT+T^ 

2ar' sin^ . r (/ cos ^ ~ r sin 0) ^ 2arr cos 2^ — 2at^ sin 2^ 
(r'+r")* 77+7' 

-2rr'sin'^-r'sin2d 



/ /I . ' • /i\ f 2ar' sin ^ (r + r") 
= (rcos^ + rsin5)S ^— « — ^ 



2ar' cos — Qar sin ^ . J 
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So that 



2ar sin g(r si ng — 

'^f? 



in^-rcoB^ . . ,>. t^2(rQOB0 + r Anff) dl .^ 



JT 

A solution of this equation, when ;7^ = 0, will be obtained from 

r sin 0jr^ + r'^^2a (r sin g- r'coa^), 

which is satisfied bj 

r»-2{rcosg+f'=:4a*. 

And so the equation 

2ar8ing(rsing — r cos^ « • t/i /^ 
\ ^ — r^sin'g^O, 

Vr' + r" 
is- satisfied bj 



r :^ f cos g + 74a«- f sin*g + J(^, 

where J(^ has instantaneous value when ^ = 0, or ^ = tt, and pro- 
duces no effect on the value, either of the solid or the surface of 
revolution, as may be seen from the circles traced in fig. (64). 
The investigation of 8V would, doubtless, show that u is a maxi- 
mum when r has the above value. 



163, Prob. XII. Having given w=l y Vl +^' dx^ 
we have 8u = f" UlTp* Sy + -^^l dx, 






If the question had been to find the surfaces of revolution of 

minimum area, Vy' would have taken the place of y in u, true dis- 
continuity would have shown itself in the differential coefficient of 

ij^y and i> s= /(a), y = 0, would tave made u a minimum. 
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Resuming, we Have ^ = Vl + «* ; Fs — 

I 

So that X + -M== - r VTTp dx = I(x), 



whence 



y dp 1 dl 



and — r-^- = / o 



, da?. 
2>- J dx 



If throuo:h an interval -7- vanish, or , ^ . = J, 

da? ' Vl+p'* 



die' 



dy 2^-6" 



x-e x-e 



whence y = iJ (e * + e * ). 

The value of S*m shows that, when y is positive, w will be a 
minimum when {x^ — x^ is small enough. To the question of 

making ^u a minimum by variation of Sy, Sp, -^ , ^, y, being 

replaced by those functions of x to which our equations lead, we 
must find that the passage from one of our solutions to the next in 
the series gives the answer. We shall gain in simplicity, without 
important loss of generality, in supposing a?^ + 0;^ = 0, c = 0. Now 
the locus of the ultimate intersections of, b varying, 



X 



y = iJ(e» + e »), 



X , T 



requires = e*4-e *— t(«* — e *). 

Suppose hh to be the positive root of this equation, then — hh is 
also a root, and for the locus of ultimate intersections, 

11—2 
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Now (e» + O" = «•(«* + O" - 4*% 

a? 
80 that y' = jrt_. ■ 

If the values of y when aj = a?<,, a?j, are such that the curre 
must cut these lines, I y Vl +p' c^o; has no minimum yalue, and 

J x^ 

I Vy' (1 +i>') da? has its minimum value in assuming y=^I{x), 

J x^ 

In this case the least surface is the surface of the circular discs 
formed by the extreme ordinates + the evanescent area of the 
line joining their centres. 

164. Prob, XIII. Having given 

where y, ^j, •••i>»* ^^^ consistent known functions of x, andy is a 
known function of y, p^, ...j!?„, x, to determine 8y, Sp^, ... so that 

ti be a maximum or a minimum according as ^va > supposed in- 

variable in sign, is negative or positive. 

So that, as long as (a?^ — x^) is so small that no system of values 
for By, Sp^, ... obtained from Bu = 0, can render u zero, other than 
Sy = gp^ = ... = Sp^ = 0, (or, which comes to the same thing, so long 
as the solutions of Sm = 0, Sy, Sp^, ... Bp^, ^n+i varying, are such 
that u only vanishes when they all vanish,) the values, obtained 
from Sm = 0, for Sy, Bp^y ... will make u a maximum if w is nega- 
tive and a minimum if u is positive. These values will satisfy the 
equation 
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£df^'-^M'-'§''p' 



_ * 



Now if/ satisfy the equation 

and if, either no variation being given to I^ix)^ or a variation being 
given, yet such that I^ + SI^ still possesses the character charac- 
teristic of the functions which we denote by /(a?), Sy, fip|, >•• be 
consistent functions, and Sf such that initially 






then the equation obtained from Su = is satisfied. And cour 
versely, if the equation obtained from Su = is satisfied, both / 

and (/+ Bf) satisfy the condition that St; vanish when v = / fdx. 
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Be it observed that if ~-^ vanish identically, /^c^n only involve 
p» in the first power, and, jP being a function of a?, y, j7j, ... p^^, 

-^ + -J — can be always made zero by proper choice of i^ • 

165. Pros. XIV. Having, given u^T' '^dx, 
to find when te is a maximnm or a minimum. 



assume 



Then u + 



V=/-' (^- - «3,"y, log Vft- fe) 4. 
= — w I y**"Vi log Vpj* do?. 

Jar, 



i^is 



^# 



If, when a; = a?j,, and when a? = a?,, y, y^ are given, 
not susceptible of variation. But if they are not given, without 
altering I yT^p^ log Np^ dx, u can be changed in value by alter- 
ing p^ at the limits, y (not being zero) remaining unaltered. Now 

Xi 

F does not admit of a maximum or a minimum value, since 

log J^ can have any value from — oo through zero to + <» . 
So that u cannot have a maximum or a minimum value unless 

Xi 

F \& 9, constant, or otherwise restricted in value. When 

Xt 

i^ is a constant, u will be a maximuni or a minimum when 
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— / y*^|i, log yp^ efo; is a maximam or a ininimum. So we 

may confine our attention to this integral, in which the valaes of y, 
jPi at the limits are supposed given. 

We have, X being an unknown arbitrary constant, 

+y"'iog>^'^,+jr"'^,+xSpj&?. 



And, in S" (m + 



.«-i 



Xi ^ ^ flfi 

F), the coefficient of 80/ is — ^ — , which 

must always be positive when i^ is a minimum, and negative when 
u is a maximum. St« = gives 

x+y-Mog^/^+y-'-^{(n-i)y-i,.iog-s^'}-j(«). 

and &+(„.i)y-y, = g, 

V 

whence ^* "^ ^ 11 ^1 ^T ^' 

When I{x) ia other than zero only when x^Xg or x^x^, 
we shall have, between these limits, 

y*=*Cja? + c„ nfp^ = c^. 

u cannot be a maximum unless c^ be positive, nor a minimum 
unless 0^ be negative. We shall confine our attention to the case 
when Cj is positive. S"w can be, in the usual way, thus trans- 
formed, 
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Bo S'te is invariable in sign, vanishing, however, when — 

Pi 
vanishes. Therefore, if on the curve for which 

y* = c,aj + c, + 7j(a?), ^3^*>i = ^i + ^a?' ' 

y, pj, have the given values when x=:x^ and a? = a?j, and [ Cj + -r-j 

is always positive, for this curve u is a maximum. 

Suppose (fig. 65) B^^PJB^ is a curve throughout which the 
above equations are satisfied, X^B^^ ^v^i> being the given values 
of jy at the limits. Then, as x changes from the abscissa of B^ to 
the abscissa of P^, 

whatever finite numerical magnitude L may be. So among all 
such curves the greatest value is given to u by that for which 
B^Pq = B^P^ = 0, all others making t* == — oo . Observe that when 
y is invariable in sign throughout p must be invariable in sign 
throughout. 

We can show that when X^B^^ ^fii* do not vanish, there is no 
maximum maximorum among the curves for which Sm vanishes. 
For in the curve B^PB^, where B^^P is. small but finite, u for PB^ 
difiers from u for B^B^ by a finite quantity, and u for B^P is 
infinitely great and positive. So that, while u for B^B^ is finite, 
u for B^PB^ is infinitely great and positive. 

The condition that y'^'^p^ has invariable sign excludes all curves 
which, starting from a point in the ordinate through X^ other than 
X^j, cut Xy-Xj before reaching the ordinate through X^. 

There remains to be considered the case of 

In this case some differential coefficients of ^"* are truly dis- 
continuous unless n is a positive integer. We shall have 

M + jf) = _ „ I (%)•-' Sp, log J^dx. 



PROBLEMS. 169 

If (n — 1) is such that (%)*"* is always positive and real, t. e., 
if, when (n — 1) is expressed as a vulgar fraction in its lowest 
terms^ its numerator is even, a change in the sign of Sp^ will 

change the sign of 8 f u + jP] ; so in this case we have neither 

a maximum nor a minimum. 

In fact in all cases if we take, Sc^, Sc^, being of the same sign 
and positive, if necessary, 

8pj = &^, from a? = a?p till x = -^ — ^ + A, 

^. = -Sc„ from ^r^^' + JfetiU^r^^.; 

we shall have 

8y = &j^(a?-a?J, from a? = a?^ till ;i? = -^— — ^ + i, 

Sy = &jj(a?,-a?), from ;i?=5-^— — * + & till a; = a?,: 
and we must have, to prevent true discontinuity. 

The expression of ^^ by a Fourierian definite integral will 
round the sharp angles but produce no effect on the value of 

S(t^+r>). Then will 

8(tiH.[>)^ n(| ' +/J^;^^^ )(Syr^^, log VS^'rfx 






8 



- f '' (&,)• log Vac,« (a;, - xr' dx] 



-2 +* 
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r 

= &;. (?i^» + A)"-aog Vg^ - log V5V). 

and changes sign with a change in sign of k. So when ^i = y = 
we have neither a maximum nor a minimum. 

Our conclxusion is that, in all cases, the solutions, infinite in 
number, given by the method of the Variations Calculus, give to u 
values ranging from — oo to + oo , and that none of these is ever a 
maximum or a minimum when, by Differential Calculus methods, 
these various solutions are compared between themselves. 

166. Prob. XV. Having given u=j PfTdx, 
find y so that uhe h maximum or a minimum. 

If the numerator and denominator of m are both odd, u can be 
neither a maximum nor a minimum ;. but if either are even u can- 
not be negative, and 

makes u a minimum when m is positive. The problem in no re- 

spect differs from that of finding y when I y** da? is a maximum 

or a minimum. When m is not a positive integer true disconti- 
nuity appears, when p^ = 0, in p^ when m is negative, and in 
some of the successive, differential coefficients of p^ when m is 
positive. 
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167.' ' Note on Art. 126. Suppose it is reqaired to determine 
the forms of the functions y. z, so that 

f*» -/ dy d^y dz d*z\ , 

or, as we may conveniently write it, 

be a maximum or a minimum, when x^y^p^^ ,..q^ are connected 
by an equation, 

We suppose that y, z, and their differential coefficients may 
not be truly discontinuous, and that generally the successive 
differential coefficients of /and Z, with respect to a?, y, ... y^, are 
not truly discontinuous. As in Art. 122, caises when true discon*^ 
tinuity occurs should be separately examined in order to determine 
what then happens. 

If y, i2f, ^j, ... jn> be such that for all values of Sy, hz^ Zp^^ ... 

r*i * 

S^N* {^ + I XLdx), X being some finite Amotion of a;« is a maxi-^ 
mum or a minimum*, it is evident that, in the more restricted case 
when i = 0, and Sy, 8^, 8pj, ... hq^ satisfy SZr = 0, (ti + / XLdx)^ 
and therefore w, will be a maximum or a minimum. 

But if y, z^p^y\.. q^, be such that L = 0, and by proper choice 
of By, Sz, Sp^ ... Bqn, 

I f(Xy y'\-By, p^ + Sp,, ...q^ + Bq^dxj 

J Xo 
PX 

have opposite signs initially, and yet the equations, 

= X (a?, y + Sy, Pi + Sp„ ... y^H- SgrJ 

= Ir(a?, y-8y, l?i-Spi, ... ?n-SyO, 
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are satisfied, then B {u^ I XLdx) can, bj a proper choice of Sy, 

Sz, Sp^y ... Sqn, be made to change signs when thej change 
signs. Therefore, u cannot be a maximum or a minimum ualess 

S{u+ j XLdx) vanish, or be trulj discontinuous and chan^ng 

sign. So not onlj solutions of the question, ' Whea is 

{u+l XLdx) a maximum or a minimum?' but also solutions 

of the question, *When does B {u+ j XLdx) vanish?' may make 

u a maximum or a minimum. That is to say, when S*(t^f I ' XLdx) 
may be made to vanish or change sign by proper choice of Sy, 8^, 

rxi 

SPi> • • • Bq^9 although B{u+j XLdx) vanish, such proper choice, 

through being inconsistent with Z = 0, may fail to be applicable 
when the question is considered of making u a maximum or a 
minimum when i = 0. 

168. Again, suppose it is required to determine the forms of 
the Ainction y, so that, 

tt=| '/{x, y, p^y ...,p^dx, 

J Xo 

is a maximum or a minimum, and yet there exists the condition^ 



rxx 
c= Fix, y, jPj, ... p^dx. 

J Xa 



Xq 

Barring, as in Arts. 122 and 167, true discontinuity, it will appear 
that if • tt + \( I Fdx — c) -, where \ is some finite constant, is a 

\J Xo ') 

maximum or a minimum, it will be so also in the more restricted 
case when c = I Fdx. 

J Xo 



Also if 



rxx 

fi^f y + % Pn + Bp^)dx, 

J Xt 
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I f{^ty-^y^ i>«-^*)^» 

have different signs initiallj, notwithstanding that 

= F{x,y-By, i>n-Sp»)^» 

•/arc 

then shall SJtt + XN ^dic — cjj- change sign with Sy. So not 

only solutions of the question, ' When is {u + \j Fdx) a maxi- 
mum or a minimum?' but also solutions of the question, 'When 
does S (tt + X« Fdx) vanish?' maj make u a maximum or a mini- 

mum when c=l Fdx, That is to say, when S*(w + \| iyir) 

may be made to vanish or change sign by proper choice of Sy, 
Spj, , such proper choice, through being inconsistent with 

r*i ... 

I hF, dx = Oy may be inapplicable in the question of making u a 

I, when c = I Fdx. It will be clear that, 



maximum or a minimum, 



in such a case, the sign of -j^ will determine whether any parti- 

fXi 

cular form of the function y, obtained from 8 (w + X I Fdx) = 0, 

J x^ 

renders u a maximum or a minimum. 

169. Pbob. XVI. Having given 

u = j'^l+Pi+qi dx, 

J Xo 

0-x + yp^ + zq^, 
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, yi - yo = I V.*^. 

J x^ 

to determine what fdnctions y and ^ are of a; when u is a minimum. 
If we determine y^ z, so that t; be a minimum, where 



t . I 



V = r {Vl +p* + q^'+X{x+ yp, + zq,) + \p^ + fi.,q,} dx, 

J X^ 



we find 






and ^v, it will be seen, will be always positive, 
lead to 

d p. . dX dip 

_. — — ^ -f- y — = — - 

dx Vl -f ^j* H- J * <i» dx^ 



(1). 



The equations 



whence 



J 






4'-^g)^ 



Also, since = a; + y2), + sg',, 






Vi 
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So ihat during an interral in which I (* ^ — y ;^) ^ has con- 
tant "value fi, we mtist have 



p^'-i^y-^sfr^^' 



whence can be obtained tan'^ - bj integratioll. Bat the same 

result maj be obtained with more facilit7) and no sacrifice of 
generality, in observing that if 

we have 1 +|)j5 + jjC=0, a^ + aPi + ^Ji-O, 

, z — Cx Bx — V 

whence P.^^c^zTBz' ^^'a^k' 

P^^^^- \Cy-Bz)* 

_ c'-^ + 2x'+(C" + ^a^ ■ 

for .[Oy^Bz)*={B^+G*){f + ,?)-{Cz+By)\ 

if /8*^ '^ 



1 + ^+C"' 



The geometrical interpretation of this is that the great circle 
joining two points on a sphere is the shortest line on the sphere 
that can be drawn from one point to the other. The effect of 
Ip{x) and /,(a;) having at any instant value is to obtain as a 
solution a curve wherein for that value of a; a finite portion of 
the small circle parallel plane Oyz Ues on the curve. 
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170. Prob. XVII. To find a curve of given sufficient length, j 
joining two given points, such that, if it be made to revolve about 
a given line, the superficial area of the generated surface may be a 
maximum or a minimum. 

Taking the axis of revolution for the axis of a?, we must have 
I ys/l-\-p*dx a maximum or a minimum when i \fl+p*dx, 

J X9 J x^ 

\ pdx are given. So we must enquire concerning the maxima 

J x^ 

and minima values of 

fX\ 

u^\ {(y+x)Vi+p'+/Ltpl(ii?, 

J x^ 

whence Sm s f' {vT+^Sy +^^i^ Sp + /iSp} <fo, 



we 



Cy + X)j> dp P . - ^ 

For an interval during which j p^- dxia constant. 



x+h x+h 



y + X = iJ(e ^ +e ^ ). 
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For the length of this curve we have 



J*0 J Xo ^ 



*lj 



«+fc x+h 






when the abscissa of the point for which -^- vanishes >x^ and 

< Xj : in other cases the sum of these surds must be replaced by 
their difference. Also we have 

,^* .y.+x, V(y,+x)'-y ^^_ y.+x 7(y.+ x)'-y 

the upper or lower signs being taken according as -^ — , -^^-7 — , 

are positive or negative respectively. It will be perceived that if 
A, Xy are eliminated, and 6' be a value which satisfies the resulting 
equation when substituted for ft, that (— ft') will likewise satisfy the 
equation. One will give a maximum, and the other a minimimi, 
solution. In the particular case of symmetry, when yi = yo> the 
equations solve with facility, and we have, 






e * -je ^ -1=^0. 
o 

ft = + 00 makes the left-hand side . 

" ■*" ft ■^•** ft""'--""^" ft 



. • t 



which is negative, and 2> — makes it positive, so that there is a 
w. 12 
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positive rooty that root with sign changed likewise satisfies the 
equation. And (y+X) has always the same sign as &. So there 
is always one maximum, and one minimum solution. A solution 
which requires y to change sign will not correspond to the geome- 
trical question proposed. In that case we must enquire, as in 
Prob. XIII.9 concerning the minimum value of 

{'' {(^ + ^) V^l+p + /fp} dx. 
J X9 

171. PeOB. XVIIL Among all the curves joining two given 
points throughout which the relation, y + z = Sy holds, to determine 

the ones for which I (y + ;s) e2a; is a maximum or a minimum. 

J Xo 

We shall suppose x^ = y^ — Zf^ = 8^=^ 0. 

We have {p, + g J* = 1 + p^« + q^\ 

or 2p,q, = 1. 

So we must enquire concerning the maxima and minima values of 
Uy where 

Bu=r {By + Sz-2X (jp,8j, + qJSp^) + /tSp, + vSg^] dx, 

J X^ 



rxi 

S*M = I (— 4:XSpJbq^) dx. 

J Xq 



We find /*-2Zj,-£i-/,(a,), 

p-2Xp,^^, = I^{x); 

whence /tt+ c\ — 2Xjj-a? = 7p(aj), 

v + c\^2Xp,-x = I,{x); 
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and ^ + c'.-a!-/, ^g.^ .^ 1 



So that V2f = ^A±5^^'. 



J!|p, I^ will have no effect upon the values of y, z, except when 
either (//.-{-c^ — x — I^) or (v + c, ^ a; — /,) vanish. In that case they 
may have effect even if they vanish (compare Arts. 93, 94). So we 
may neglect them, reserving for further consideration what may 
happen upon the evanescence of either p^ or y^. Also we may put, 
i' + c'a=Cj, /aH-Cj = Ci, so that 

^ ax Ycj — 05 ^ ax Vcj — a? 

From this can be obtained, A, B^ being constants, and o^, c,, 
positive, 

^^(y-^ + ^ = (^,-01og|^^±^=^-V(^3^^ 

As we suppose that y, 5?, « vanish when a? s= 0, we have 

^ (yi + «i) = 2 V^ - 2 V(Cj~a?,)(c,-a?,) , 

./«/ \ / M c. + Cj-2a?.-2V(c--a;-)(Cj — a?-) 
V2 (yi-«i) = (c,-cj log-i s L^ \j— ^' 

two equations to determine c^, c,. Observe that we must have 
throughout^ 

y + z> 2^/yz > s/2x. 

The point (aj^, y^ ^rj must therefore lie in the cup of the right 
circular cone (2y4f = a!^). Also the above logarithm is positive, 
so that (c, — Cj) and (yi — O have the same sign. The surface 

12—2 
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(2i/z = a^ has the axes of y and of z for generating lines, and the 
line {x = 0, y = z) for axis. The value of ^u shows that u will be 
a maximum if X throughout negative. For p^, q^ have always the 
same sign, and, jp^Sji + Ji^i vanishing, Sp^ and Sq^ must have dif- 
ferent signs. Hence u is a maximum or a minimum according as 
Cj is negative or positive. 

Suppose, firstly, 2yj«j = a;j*. Our equations will shew that in 
this case u is both a maximum and a minimum, in fact, is conju- 
gate or isolate in character. This should be; for (y^ + z^ is in this 
case the length of the straight line joining (a;^, y^, z^) to the origin, 
and no variation cai;i be assigned so that the magnitude of s shall 
not be increased. 

In this case our equations give, 



=iog{i+v2(^^^y}, 



or ^ (y, - z,Y = 4 {^/^ (y. + z,) - 7^ (c. + c,)} 

. Put Jvi- J^,= U^t- Jc;} <^, 

Then 42.<^^\og{\-\-j2.f), 

(1 + 72 . ^*) - 1 = (I + ^/2^•) log (1+ ^/2^'). 
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Now if we differentiate (\ogz + — l) we obtain ( 5 j , 

which is always positive when z> 1. So this equation has no real 
root except ^ = 0, whence also ^ = !• 

Now, if J2y^ = y/2z^ = ajj, c^ = c^ and is perfectly indeterminate. 
But if yj4= «p c,, c^, are both infinite, and 

so that -« = ^, 



^^^^V^^' 



whence V2v = a / — a?, V22? = 




the equation to the straight line joining (a?^, y^, z^ with the origin. 
If then (a?j, y^, 2?^) lie on the cone, 2yz = x*, the straight line joining 
it with the origin gives to m a conjugate, that is an isolate, value. 

Suppose, secondly, »J2 y^ = J2z^> x^. It is impossible that 
the equations which determine c^, c,, should be satisfied by any 
finite values. If through the point P (fig. 66), whose co-ordinates 
are (aj^, y^, z^, be drawn lines parallel to the axis of y and the 
axis of i8J, piercing the cone in Q^ and below P^, which last points 
are to be joined with the origin, we obtain in these broken lines a 
solution, which will be a conjugate one, for the same reason that 
the solution in our first case was a conjugate one, but only with 
reference to all lines which coincide with it throughout when^^, or 
q^, is infinite, the only lines with which in the Variations Calculus 
it can be compared. 

Suppose, thirdly, y^ > z^, 2y^z^ > x^, c^ = x^. This will require 
that 

and ? ^^^ — ^^^ = loe yi-^-^i+^^^i 
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In thifl case u is rendered a minimum by the solution 
^^(y + ^)=^/2(y, + «0-2^/(a:,-a?)(c,-a;), 

log ^^^' "^ ^^^ •*• ^^^' " ^^^^ "" ^ ^^ ^^^ ^^^ " ^) ^^^^ "*" "^^^^ "" ^^^^ 

2aj,» + (y, + 0j« - 2 ^/2 a:, (y,+ «,) 

If from any point in any of these curves a straight line be 
drawn, parallel either to the axis o{y, or the axis of z, in direction 
so as not to meet the right oone« a solution possessing false dis- 
continuity will be obtained. For all such solutions u will be a 
minimum. 

Fourthly, for maximum cases, c^, o,, are both negative, and 
if Cj = -7, c,= -78» 

Va(y-;j + 5) = (7,^7,) log |5^i±^|±^+V(7,+ 
whence, as before, 

./o/ N / M 7, + 7, +'2a?i + 2 7(7, + a?J (7, + xA 

V 2 (y, - «,) = (7, - 7i) log ^ — '-^ j- — "' — y^'^ '-^ 

7i + 79 + 2 V7i72 

The same results as before hold wheny^-^z^, pointing to the 
conjugate character of the then solutions, In general by assuming, 
in any case, a recognizable relation between 7,, 7,, a?,, y^, «j, the 
equation to a surface can be found, and then the equation to the 
curve from the origin to a point on it, such that t* is a maximum 
^ a minimum for that curve, as c^ is negative or positive, can 
easily be obtained, 
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Observe that, always, a line from any point within the cup of 
the cone drawn parallel to Oy or Oz till it meet the cone, and then 
drawn straight to the origin^ gives a solution as far as the Calculus 
of Variations is concerned. For such line can, in this calculus, 
only be compared with other lines passing through the point where 
it leaves the cone. So such solutions are isolate in character. 

There remains for us to investigate the maximorum maxima 
and minimorum minima. Now if (fig. 67) throughout any finite 
length of curve, as PQ^ p^, or g^, is infinite, and if through Pj, Q^^ 
points on the curve adjacent respectively to P, Q, yet so that p^ 
and q^ are finite throughout PP^, QQ^, lines be drawn parallel and 
equal to PQ, and through their extremities curves be drawn paral- 
lel and equal to P^P, QQ^t two fresh curves will be obtained 
throughout which the equation 2p^q^ = 1 holds, and yet for the 

three curves I adx is in order of magnitude. So for a maximorum 

maximum p^, q^ cannot be permanently infinite except in the plane 
X = oc^y nor for a minimorum minimum except in the plane x = x^. 

rxo+ rxi 

Also for such portion I sdx and I sdx must vanish. So the 

J Xo J Xi~ 

question is reduced to finding, by the method of Differential Cal- 
culus, when, through variation of c^, c^, 

-\/2| '{y+z + A)dx=-j V(Cj - x) (c, - x) dx, 

^ J Q Jo 

is a maximum or a minimum. Now, in tracing the surface, 

Jo 

it will be found that there are ridges of true discontinuity. For 
when f is negative, rj must be negative, and when f and 17 are both 
positive, they must be both > m, unless f = 1;. So (fig. 68) the sur- 
face has discontinuous ridges indicated by the conditions, 

i = o, v-; ^ = 0, f-; 

^=Vf ?>0 and <u^. 
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Now when c^, o, are both negative, 

-^ I V(Cj — ic)(c, - x) dx 
J a 

IB a minimum when c^ o, both are infinite, and a maximum when 
both vanish. Likewise, when c^ c, are both positive and > a?i, the 
maximum is when they both = aj^, and the minimum when they 
both are infinite ; and, when c^^c^y and <a?,, 



c » . 0?/ - c " 



and is a maximum when iPj = 2Cj, and a minimum when a?i = 0, 



or Cj. 



Our conclusion is that the minimorum minimum value of / sdx 

Jo 
is given by the curve 

where /i(a?), I^(x) vanish when (x — Xj) is not infinitely small, 
and (being positive), 

and that the maximorum maximum can be made greater than any 
assignable quantity, if y^, z^ be unrestricted in magnitude; but if 
p^, z^ are given, then the maximorum maximum is given by 
the curve 

where I^{x)f I^{x) vanish when x is not infinitely small, and 
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172. Pror XIX. To find a curve of given length, sucli that 
the area bounded by the curve itself, its two extreme radii of curva- 
ture, and the arc of the evolute between them, may be a minimum. 

To the enquiry when I pds is a minimum, the answer is clear 
that it never is. For 

/ i/W — »* sill — f & is always < I /(«) ds. 

But I Jp^dsia a minimum when p=^I{8). Among the infi- 

nite number of solutions, which satisfy this condition, we may 
select for a specimen the line whose equation is, 



dx 



a = oo 



tan* cue, y = 



« = oo 



tan* axdx: 
aJo 



observe that 



.^ . 1 , 1 -^ sin d>d(f> 
2a tans axdos < f 2 ^^— ^ 

21 asin^Ji^ cos*^ 

4a 4 4 



9 



and is therefore finite. The value of p in this curve is. 



a=oo3 

a 



- (cos^ ax + sm' axy cos^ ax sm^ ax, 



which vanishes when ^ is infinite. 

ax 

But if we introduce the restriction that the curve joins two 
given points, at a given distance, not greater than the given 
length, from each other, we might proceed by discussing the 
integral 



/:1 



f+xi^'td., 



"k- ,{.-^))..{.-^]'.o, 
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or, if we restrict bj stipposing the extreme points of the carre 
given in position, we may investigate when 

is a minimum. If in our solution of this, p^ throughout is positive, 
we shall therein satisfy the problem, as appears from tha coefficient 
of Sp" in the argument of the integral S'w. We have 



Fi F% J 



Abo 






Whence 



2(l+i>.')V. 8(1+1>,')P. ^, m _dl 

JT 

And, during an interval throughout which p^ -7- vanishes, 



{\p, +fiji+p,'-h)p,=2{i+ p,y, 

**" ¥. 2(1 +;,.•/ ' 

as p^ is given if a; is given, but x may have many values for the 
same value of p^, in integrating this the constant introduced must 
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be capable of being truly discontinuous. (Just as if the relation, 

dx 1 

y = tan (a? — a? J, is the one to be obtained from t" = tx~«> ^® 

constant introduced must be truly discontinuous, if the range for 
(x — x^ exceeds an integral multiple of nr.) We have also 

dy \p*-hp,'{'fip,Jl-^p,\ 
dp," 2(l+p,T 



BO that 



X n- ^tan p^ 4(l+^,») 

v-* = -tan-'« I -\p, + i-2,iJT+K' 



^^''' '^\l^^ = \ 



"^ j^ _ fp' Vi-AiWi+Pi! 



2 (1 +P,')' 



4>, 



I 



2 (1 +i>i )* ^ 



We obtain in these six equations connecting x^ y^y s^ x^y y^, s^, 



A, k, h, X, fij 



«*=x« 



Pv 



X = Xi 



p^y whereof the six first are given. As 



there results only two equations connecting J, \, /i, we have an 
infinite number of solutions, all of which render u a minimum, 
(except when, fi being negative, S*w can be made negative, or to 
vanish,) and among these there will be minima minimorum. 
We proceed to investigate them. 



u 



^ 1'=*' f/ 3\p, + SfiJl+p*-b \ \p,-h + fi>/l +p* 



/ 2 (1 +^.')' 



dpx 



_ 1'='' [B {X* + /t')j>,*-4X5p, + S/t'+y + (QXfip, - ifjA) Vl +p* 






aM 



4 (1 +!>.') 



(?jp, 



188 PROBLEMS. 






H 



-ft (a?^ - a?,) + 3\ (y, - y,) + Sfi (s, - j? J 



This has to be made a minimum, b, X, fi, varying. Now, 
wherever A, k, b, X, /a, occur they are linear, and so two equations 

Pi* 



can be obtained connecting u, 



X=Xi 

p^. The determination 



of the minima values of u from these equations will essentially be 
difficult. For it is clear that an infinite number of functions can 

be assigned, which will make {u - I (Xp^ + /i Vl +p^ dx] vanish, 

J Xq 

even when p^ is restricted to being positive, a condition requisite if 
there is to be a minimum minimorum at alL 

If X = /i = 0, the restriction, that i pdXy \ y\-\-p^dx^ be 

J a?, * J x^ 

constant, is removed. Wq then have 

a? - A = - - tan"* p^ — ^^ 



4.-^ ^^ 4.(1^ per 

the equations to a cycloid. The possibility of -^ being instanta- 
neously infinite, shows that b may be replaced by a function TF'(a?). 
The geometrical interpretation of this is, that any succession of 
cycloids, arranged so as to form a continuous curve, the axes of the 
cycloids being parallel, and the radius of the generating circle for 
each perfectly arbitrary, solves the problem. It is easily seen that 
the minimum minimorum in this case requires each cycloid to be 
indefinitely small. It will have for equations, 

6 = 



y = Aj, a; — a = 



. -1 V\ \ b 
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173. Pbob. XX. Having given the conditions, 

dF dF dF ^ 

connecting x, y, ^, p^, j^, to find when I Jl+p^ + q^dx is a 
minimum. 

This is the analytical problem to which the geometrical pro- 
blem of finding the shortest line on a surface leads. The solution 
will indicate the character which all geodesic lines possess. But 
no curve will be embraced in, the solution of the analytical question 
for which s has more than one value when x is given. 

We have to make a minimum, 
where X may involve a?, but \, fi are constants* We have 



Jx.l (1 +i)x* + ffx*)* J 

the other terms in S'w we need not concern ourselves with, ^u may 
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vanish for the particular variation which passes from one geodesic 
to another ; otherwise it must be positive, for 

So y ^ , + ^^+^ 






^(^F ^ d'F ^ d^F\\ J. . 



, d p^ dXdF dL 

whence -j — 7=%== + -=— t~ = -j-^ . 

dx vl+Pi + ?i ^^ "y ^^ 

Similarlv — ^i + ^ ^^ ^ . 

^ Jl+p^ + q^ dx dz dx^ 

dF d p, dF d q, ^dF dly dF dl, 

" dz dx Jl+p^^fq^ dy dx Vl+Pi' + Ji' ^^ ^^ dy da:' 

Through an interval, throughout which this vanishes, this will 
be satisfied by any curve which consists of portions of geodesic 
curves, finite in number. The variation which will pass from one 
such curve to another indefinitely near to it will make ^u vanish. 
The sharp angles may be rounded off by using Fourierian definite 

integrals to express the equation to such curve. When -^ -j^ 

— -Y- ■— is finite, a finite portion of the curve lies in a plane 

parallel to plane of yz. All curves having any such finite portions 
so lying can only, in Variations Calculus, be compared with curves 
coinciding with them throughout such finite portions. 



PROBLEBiS. 191 



Note on 149. Prob. 11. If the biquadratic in \ has no real 
root, u cannot be made a maximum or a minimum. This is 
evident from our solution, or may be made evident as follows. 

If possible, let y = some not truly discontinuous function of a?, 
render u a maximum or a minimum: then, (except through in- 
tervals whose sum altogether is infinitely small,) either {ax — 3y*) 
must be constant, from x = Xq till x = x^, or not. If (oa? — 3y^ 
is so constant, and y does not change sign, 

V? =p^^^ dx, cannot be less than 2 j^ifcOl*, 

{a is supposed + ,) but may have any greater value : in this case 
the biquadratic will always have a real root. If y does change 
sign, as it will if St^=ax + I{x), and y change sign sometimes 
when ^ vanishes, variations applied only when y is + diminish w, 
and only when y is negative increase ti. If (aaj — 3^) is not so 
constant, it must have, owing to continuity, its mean value, X^, 
for some value of x, and there will be two finite intervals such 
that (oa? — 3y ' — Xj>) is + throughout one, and — throughout the 
other. Take St always + throughout these two intervals and 
zero elsewhere, and when (ax — 3y' — Xo) vanishes. The value of 
St in each interval can be varied without changing its value in 
the other, and so, 

can be made to vanish without I StcIx vanishing. Now 



= T'Sxtfo + p (3^83^ - 8y») dx, 



and is initially +, since y is always finite. In like manner Bu cati 
be made negative. 
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Thus it can be shown, in all cases where Taylor's TIi( 
does not fail, that there can be no maximum or minimum ai 
Su vanish. When however, as in Prob. VI., I{x) can be 
chosen that y pass from one form to another of those wl 
render u a minimum, of the infinite number of solutions the 
mum minimorum wiU be the sky-line solution there indical 
Now by a proper choice of I{x), a falsely discontinuous functii ^ 
can be assigned for y so that u have the same value as whenl ^ 
has the truly discontinuous form which it has in the sky-line. 
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Plautus. Aulularia. With Notes, Critical and 

Ezegetical, and an Introduction on Plautian Prosody. By WILHELM 
WAGNER, Ph.D. 8yo. 9*. 

Verse-Translations from Propertius, Book V. 

With a Revised Latin Text, and Brief English Notes. By F. A. PALEY, 
M.A., Editor of Propertius, Oyid's Fasti, &c. Fcp. Syo. Zs, 

Propertius, The Elegies of. With English Notes 

and a Preface on the State of Latin Scholarship. By F. A. PALET, Editor 
of .Sschylus, &c. With copious Indices. 10». 6<f. 

Terence, with Notes, Critical and Explanatory. 

By WILHELM WAGNER, Ph. D. Post Svo. 10*. 6<?. 

Theocritus, with Short Critical and Explanatory- 
Latin Notes. By F. A. PALET, M.A. Second Edition, coirected and en- 
larged, and contaming the newly discovered Idyll. Crown Syo. 4«. 6<f. 

Theocritus. Translated into English Verse, by 

C. S. CALYERLET, M.A., late Fellow of Christ's College, Cambridge. 
Crown 8to. 1», 6d. 

Thucydides. The History of the Peloponnesian 

War, by THUCYDIDES. With Notes and a careful coUation of the two 
Cambridge Manuscripts, and of Aldine and Juntine Editions. By RICHARD 
SHILLETO, M.A., Fellow of S. Peter's College, Cambridge. 

P. Virgilii Maronis Opera. Edidit et syllabarum 

quantitates noyo eoque facili modo notayit THOMAS JARRETT, M.A., Lin- 
guae HebrasB apus Cantabrigiensis Professor regius. One Vol., 8yo., price 12«. 

Translations into English and Latin, by C. S. 

CALYERLET, M.A., late Fellow of Christ's College, Cambridge, Post 8to. 

7»,ed. 

Arundinea Cami. Sive Musarum Cantabrigien- 

sium Lusus Canori. Collegit atque edidit HENRICUS DRURY, A.M., 
Archidiaconus Wiltonensis Collegii Caiani in Grsecis ac Latinis Literis quon- 
dam Prselector. Equitare in arundine longa. Editio Sexta. Curavit 
HENRICUS JOHANNES HODGSON, A.M., Collegii SS. Trinitatis quon- 
dam Socius. Crown 8to. 7e, 6d, 

Sertum Carthusianum Floribus trium Seculorum 

Conteztum. Cura GXJLIELMI HAIG BROWN, Soholee Carthusiann 
ArcMdidascaH. 8yo. lie. 
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Educatumal Works 



Folionim Silvula. Part I. Being Passages for 

Translation into Latin Elegiac and Heroic Verse, edited by HUBERT A. 
HOLDEN, LL.D., late FeUow of Trinity College, Head Master of Queen 
Elizabeth's ^hool, Ipswich. Fifth Edition, Post 8yo. 7«. 6<f. 

Folionim Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By HUBEBT 
A. HOLDEN, LL.D. Third Edition. Post 8yo. 5», 

Folionim Silvula. Part HE. Being Select 

Passaoes for Translation into Greek Verse, edited with Notes by HUBERT 
A. HOLDEN, LL.D. Post 8yo. 8*. 

Folia Silvulae, sive Eclogaa Poetarum Angliconim 

in T<atimim et GrsBcum conyerssD quas dispoenit HIJBERTTJS A. HOLDEN 
LL.D. Volumen Prius oontinens Fasciculos I. II. 8yo. 10«. 6^. 

Volmnen Alteram continena Fasciculos III. FV. 8yo. 128, 

Folionim Centuriae. Selections for Translation 

into Latin and Greek Prose, chiefly from the Uniyersity and CoUege Examina- 
tion Papers. By HUBERT A. HOLDEN, LL.D. Third Edition, Post 
8yo. 8«. 

Greek Verse Composition, for the use of Public 

Schools and Priyate Students. Being a reyised edition of the Greek Verses of 
Bhrewshury School. By GEORGE TBESTON, M.A.^ Fellow of Magdalene 
College. Crown 8yo. 4«. C<f. 

A Complete Latin Grammar, Third Edition. 

Very much enlarged, and adapted for the use of Uniyersity Students. 
By J. W. DONALDSON, D.D., formerly Fellow of Trinity College, Cam- 
bridge. 8yo. 14«. 

A Complete Greek Grammar. Third Edition. 

Very much enlarged, and adapted for the use of Uniyersity Students. 
By J. W. DONALDSON, D.D. 8yo. 16«. 

Index of Faasages of Greek Authors quoted or referred to in Dr. Donaldson's 

Greek Grammar, price 6d. 

Varronianus. A Critical and Historical Intro- 
duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Third Edition^ revised and cimaiderdbly enlarged. 
By J. W. DONALDSON, D.D. 8yo. 16«. 

The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama: with yarious Supplements. 
Seventh Edition^ reyised, enlarged, and in part remodelled; with numerous 
illuBtrations from the best ancient authorities. By J. W. DONALDSON, 
D.D. 8yo. 14«. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitiye Tests and Uniyersity Teaching. 
A Practical Essay on Liberal Education. By J. W. DONALDSON, D.D. 
Oown 8yo. 6s, 
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Published ly Detffhton, Bell, and Co,, Camhridge. 11 

The Greek Testament : with a Critically revised 

Text; a Digest of yarious Keadings; Marginal Keferences to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commentary. 
For the Use of Theological Students and Ministers. By HENRY ALF0R6. 
D.D., Dean of Canterbury. 4 vols. 8yo. Sold separately. 

Vol. I. FIFTH EDITION, Containing the Four Gospels. 1^. 8«. — ^Vol. II. fifth 
EDITION, containing the Acts of the Apostles, Epistles to the Romans and 
Corinthians. 1^. 4«. — Vol. III. foubth edition, containing the Epistles 
to the Galatians, Ephesians, Fhilippians, Colossians, Thessalonians, — ^to 
Timotheus, Titus, and Philemon. 18*. — ^Vol. IV. Part I. fourth edition. 
The Epistle to llie Hebrews : The Catholic Epistles of St. James and 
St. Peter. 18«. — Vol. IV. Part II. thibd edition. The Epistles of 
St. John and St. Jude, and the Revelation. 14«. 

The Greek Testament. With English Notes, 

intended for the Upper Forms of Schools and Pass-men at the Universities. 
By HENRY ALFORD, D.D. Abridged by BRADLEY H. ALFORD, M.A., 
late Scholar of Trinity College, Cambridge. One vol., crown 8vo. 10». 6rf. 

Annotations on the Acts of the Apostles. De- 
signed principally for the use of Candidates for the Ordinary B.A. Degree, 
Students for Holy Orders, &c., with College and Senate-House Examination 
Papers. By T. R. MASKEW. Second JEdiiion, enlarged, 12mo. 5*. 

Tertulliani Liber Apologeticus. 

The Apology of Tertullian. With English Notes and a Preface, intended as 
an introduction to the Study of Patristical and Ecclesiastieal Latinity. By 
H. A. WOODHAM, LL.D. Second Edition, 8vo. 8«. 6dL 

The Mathematical and other Writings of Kobert 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity College, with a Biographical 
Memoir by HARVEY GOODWIN, D.D., Lord Bp. of Carlisle. 8vo. I65. 

The Mathematical Writings of Duncan Farquhar- 

SON GREGORY, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity Cfollege, Cambridge. With a 
Biographical Memoir by ROBERT LESLIE ELLIS, M.A., late Fellow of 
Trinity CoUege. 8vo. 12». 

Lectures on the History of Moral Philosophy 

in England. By W. WHEWELL, D.D., formerly Master of Trinity Col- 
lege, Cambridge. New and Improved Edition, with Additional Lectures. 
Crown 8vo. 8». 

Elements of Morality, including Polity. By W. 

WHEWELL, D.D. New Edition, in 8vo. 16*. 

Astronomy and General Physics considered with 

reference to Natural Theology (Bridgewater Treatise). By W. WHEWELL. 
New Edition, uniform with the Aldine Editions, ds. 
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Kent's Commentary on International Law, re- 

Tued frith Notes and Cases tnooght down to the present time. Edited by 
J. T. ABDT, LL.D., Barrister at Law, Begins Profiessor of Laws in the Uni- 
Tcnitj of Cainhridge, and Law Lectorer at Greaham OoUege. 8yo. 16*. 

A Manual of the Eoman Civil Law, arranged 

according to the Syllabus of Dr. Hat.t.tfax. Designedfor the nse of Stadents in 
theUniyerBitiesandLinsofConit. B76.LEAPINGWELL,LL.D. 8yo. 12«. 

A Syriac Grammar. By G. Phillips, D.D., 

Fiendent of Queens' College. Third Editum, revised and enlarged, 8yo. *!». 6d» 

A Concise Grammar of the Arabic Language. 

By W. J. BEAMONT, M.A. Berised by Sheikh Au Nadt el Bab&ant, 
one of the Sheikhs of the El Azhar Mosque in Cairo. 12nio. 7«. 

The Student's Guide to the University of 

Cambridge. .Revised and corrected in accordance with the 
recent regulations. Ecap. Bto. bs. 

This Tolume is intended to give soch preliminary information as may be nsefol to parents who 
are desirons of sendinff their sons to the UniTersity, to put them in possession of the leading 
factA, and to indicate the points to which their attention should be directed in seeldng farther 
information from the tutor. 

Suggestions are also given to the younger members of the Univendty on expenses and course of 
reading. 

CONTEKTS. 

iKTBODUcnOK, by J. B. Seslet, M.A., Fellow On Law Studies and Law Degrees, by J. T. 

of Christ's College, Cambridge. Abdt, LL.D., Regius Professor of Laws. 

On University Expenses, by the Bev. H. ^ ,. , „, , , ^ ^ ^ », ▼» 

Latham, M. A., FeUow and Tutor of Trinity Mescal Study and Degrees, by G. M. Humphey, 

Hall. M.D. 

On the Choice ofa College, by J. B.Seelet, M.A. On Theological Examinations, by the Bight 
On the Course of B<»ding for the 'Classical Bev. the Lord Bishop of Ely. 

On the Course of Biding for the Mathematical Sli w ' ^•^•' ^^ ^^"^^"^ °' Magdalene 

Tripos, by the Bev. W. M. Campion, FeUow ^^^ege. 

and Tutor of Queens' College. Examinations for the Civil Service of India, by 

On the Course of Beading for the Moral Sciences the Bev. H. Latham. 

Tripos, by the Bev. J. B. Mavob, Fellow Local Bxammations of the University, by H. J. 

antf Tutor of St. John's College. roby, M.A., late FeUow of St John's 

On the Course of Beading for the Natural College. 

Sciences Tripos, by J. D. Liveiwo, M.A., _^. , ,7 ' , 

Professor of Chemistry, late FeUow of St. DiplomaUc Service. 

John's CoUege. DetaUed Account of the several CoUeges. 

Cambridge Examination Papers, 1859. Being 

Supplement to the Cambridge Uniyersity Calendar. 12mo. 2«. 6 J. 
Containing those set for the Tyrwhitt's Hebrew Scholarships. — Theological 
Examinations. — Cams Prize. — Crosse Scholarships. — Law Degree Ex- 
amination. — Mathematical Tripos. — The Ordinary B.A._ Degree. — Smith's 
Prize. — University Scholarships. — Classical Tripos.— Moral Sciences 
Tripos. — Chancellor's Legal Medals. — Chancellor's Medals. — Bell's Scho- 
larships. — ^Natural Sciences Tripos. — ^Previous Examination. — Theological 
Examination. With Lists of Ordinarv Degrees, and of those who have 
passed the Preyious and Theological Examinations. 

The Examination Fapera o/1856, 1857 and 1858, may still be had, 2*. 6rf. each. 



Cambbidqb: DEIGHTON, BELL, & CO. London: BELL & DALDY. 
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